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The Res t r ic ted  Problem of Three Bodies (11) 

s i m p l e  c l a s s e s  of pe r iod ic  s o l u t i o n s  which a r e  p re sen t  when a sputn ik  i s  

moving under the g r a v i t a t i o n a l  a c t i o n  of two o t h e r  bodies  of equal  f i n i t e  

mass. The p resen t  a r t i c l e  extends the t reatment  t o  t h e  case  where the f i n i t e  
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31 computations f o r  t he  r a t i o  of one t o  t e n ,  bu t  did not  use the  Thiele- system 

of coord ina tes  and so could not  r m  any c l a s s  p a s t  a c o l l i s i o n  o r b i t .  W e  

have remedied t h i s  s i t ua t ion , and  include the r e s u l t s  of Shearing i n  our 

t a b l e s .  Since the main purpose of aur work i s  t o  demonstrate the  o v e r a l l  

t opo log ica l  s t r u c t u r e  of t he  r e s t r i c t e d  three-body problem and how the 

c l a s s e s  a p p e a r ,  evolve and d isappear ,  extreme p r e c i s i o n  of c a l c u l a t i o n  has  

not  been attempted. 

Equations of  Motion 

Two bodies  S and J ,w i th  masses m and m r e spec t ive ly , execu te  1 2 

c i r c u l a r  motions about t h e i r  cornon cen te r  of grav i ty jwhich  l ies  a t  the  o r ig in .  

A t h i r d  body P wi th  vanishing small mass moves i n  the same plane as m and m 

do. The d i s t a n c e s  between these  poin ts  are S J  = 2 ,  SO = r 

and PJ = p. I n  the r o t a t i n g  coordinate  System ( ~ , ~ > ,  the  6-ax is  l i e s  along 

t h e  d i r e c t i o n  SJ, and the  angular  ve loc i ty  u) =: 1. 

2 

8J =: r2,  SP = r ,  

1 

1’ 
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The equations of motion are then 

r- 

where 

2U = e2 + v2 + 8(1 + y)/r + 8(1 - y > / p  

The first integral of (1) is 

where K is the Jacobi constant. 

The Thiele transformation to regularize the solutions is 

e = ch F c o s E  + y 

7 =-sh F si& 

dq = dt/rp = dt/D ( 4 )  

where 2D = ch 2F - COS 2E. 

Using a dot in what follows to denote differentiation re + rather 
than re t, we have 

1 
4 - + (ch F - y c o s E )  + - (ch 2F + cos 2E) - - -  

D 

+ y ch F COSE = - ( K / 2 )  + U 
2 where T = K - y . 

(5) 
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b 

A l s o  , 
ad t 

E = 2D F + (1 /4 )  s in  4E - ( T / 2 )  s i n  2E 

- ( y / 4 )  ( s i n  E ch  3F - 3 s i n  3E ch F - 32 s i n  E )  

and 
**  c, 
F = - 2D E + (1/4) sh  4F - (T/2) sh 2F + 8 ShF 

- ( y / 4 )  ( -3  COSE s h  3F + COS 3E shF) (7) 

These equat ions are i n v a r i a n t  under the t ransformat ion  

E '  = E + fly F '  = F ,  y' = -y (8 1 

Accordingly,  t h e  se t  of (T, E )  p r o f i l e s  f o r  0 5 E - < fl and -1s y 2 1 w i l l  be 

equ iva len t  t o  t h a t  f o r  0 - -  < E < 271 and -12 y 5 0. This  t ransf6rmat ion  amounts 

t o  in te rchanging  the masses and rep lac ing  e,  7 by - 4 ,  -7, from which i t  i s  
i 

apparent  t h a t  the  equat ions w i l l  remain the same. Equat ions(7)  are a l s o  

. 
i n v a r i a n t  under the t ransformat ion  F '  = -F,  E '  = E ,  t '  = - t ,  so t h a t  the  motion 

backward i n  t i m e  i s  obtained by r ep lac ing  F by -F. 

Zero-Velocity Curves and L ib ra t ion  Po in t s  

The su r face  of zero ve loc i ty  i s  obtained by equat ing  the  r ight-hand 

s i d e  of Equation (5) t o  zero ,  which g ives  

T = (16/D) (ch F - y COSE) + (1 /2 )  (ch 2F + COS 2E) + 2y chF COSE. 

I t s  E-p ro f i l e  i s ,  s e t t i n g  F = 0 and R = COSE, 

2 T = (16/D) (1 - YR) + R + 2yR 

wi th  minimum a t  

2 2 2 y = R ( 1 6 + D ) / [ 8  ( 1 + R )  - D ]  

2 w i th  D = 1 - R . 
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The F -p ro f i l e  i s ,  s e t t i n g  E = 0 and R = chF, 

2 
T = ( 1 6 / D )  (R - y) + R + 2yR 

wi th  minimum a t  

(9b) 
2 2 

y = [ 8  (1 + R2) - RD ]/(D + 1 6 R )  

2 
with D = R - 1. 

But the  cond i t ion  f o r  a l i b r a t i o n  point  i s  t h a t  bU/a[ = 0 and bU/b7 = 0. From 

Equation (5)we see t h a t  t h i s  corresponds t o  a minimum of the  zero v e l o c i t y  

sur face .  The a b w e  p r o f i l e s  have been ca l cu la t ed  f o r  va r ious  values  of y and 

are r e f e r r e d  t o  i n  the  t e x t  below as  ze ro -ve loc i ty  curves.  For each R ,  a 

va lue  of y has been c a l c u l a t e d  from (8b) and (9b) and the  corresponding 

minimum value  of T from (8a)  and (9a). The r e s u l t i n g  p r o f i l e s  are the  l o c i  

of L1 and L 

Tables 1 and 2 and a l s o  graphica l ly .  

and are r e f e r r e d  t o  as l i b r a t i o n  curves.  The d a t a t a r e  g i v e n ’ i n  2 

Motion near  L i b r a t i o n  Po in t s  

Le t  u s  assume 5 = [ + X ,  7 = 7 + Y where [ , 7 denote a 
0 0 0 0  

l i b r a t i o n  po in t  and X and Y a r e  small. The equat ions  of motion are then 
,. 
X - 2 Y = U  x e u  Y E 47 

y + 2 i = u  x + u  Y. 
47 77 

The second d e r i v a t i v e s  of U axe as follows: 

= 1 + 2 A  f o r  7 = 0 

= 314 a t  L4 

. 4 ( 1  + y) + 4 ( 1  - y) 
3 - 3  where A = Y 

I: P 
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b 

E 

t 

= 3j -T a t  L4 
2 

and 

= 914 a t  L4 . 
The quan t i ty  A may be evaluated as a func t ion  of R by s u b s t i t u t i n g  

2 
the  va lues  of y from (8b) and (9b). For R < 1, i.e.,  L1,  we f i n d  

2 4 A = 8 ( 7  + R ) / ( 7  + 10R2 - R ) . 
2 so t h a t  the  va lues  decrease  from 8 a t  R = 0 t o  4 a t  R = 1. 

2 
For L2 ,  1 2  R 2 3 ,  with  D = R - 1 

1 / (D2 -t 16R). 
2 

A = 32 [ R + -  R + 1  

The va lues  of A decrease  s t e a d i l y  from 4 a t  R = 1 t o  1 a t  R = 3 ,  

which corresponds t o  y going from +1 t o  -1. 

l i b r a t i o n  p o i n t s  L 

I n  o t h e r  words, A - > 1 a t  the 

3' L2 and L 1' 

Case I: L i b r a t i o n  Poin t  on [-Axis 

When the l i b r a t i o n  po in t  i s  on the  e -ax i s ,  U = 0 and Equations (1D) 
e7 

become 
m a  x - 2y = (1 + 2A) X 

Y +  2X = (1 - A) Y 
.. 0 
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b 

0 

c 

m t  m t  L e t X = a e  a n d Y = b e  

Then a m2 - 2bm = (1 + 2A) R 
2 

b m + 2 a m  = (1 - A) b 

- 2m 

m - (1 - A) 

2 m - (1 + 2A) - 
2m - 2  b / a  = 

4 2 
and m + (2 - A)m 4- (1 + 2A) (1 - A) = 0 .  

Solving,  2m 2 = A - 2 _+ (9 A 2 - 8A) I/ 2 
b 

Since A 2  1, m = + p ,  - p ,  io, o r  - i o  

where 20 = 2 - A + (@A - 8A) . 2 2 112 

I f  A = 1, cr = 1 and the  per iod is  27r; such motions belong t o  c l a s s  (a). I f  

m = - p ,  t he  motion leaves  the l i b r a t i o n  po in t  i n  an asymptot ic  o r b i t .  The 

s lope  i s  determined by the value of y, and hence one can o b t a i n  pe r iod ic  

asymptot ic  o r b i t s  f o r  j u s t  s p e c i a l  values  of y. These are then of minor 

s i g n i f i c a n c e  i n  comparison wi th  the  c l a s s e s  which vary cont inuously with y. 

Case 11: Motion near LLc (or  Ls)  

A t  L4,  Equations (1D) become 
.e 

x - 2Y =ax + BY *. 
Y + 2: = px + 6 Y  

27 2 3 9 where a = - 6 = - 
4 ,  4’ 

2 

2 

Then a m - 2bm = aa + Bb 

b m + 2 a m  = Ba + 6b 

2 
b m - a  - - 2 m + B  

m - 6  a 2 m + p  - 2  
- =  

. 
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b 

m 

. 

4 2 27  2 a n d m  + m  + - ( l - Y ) = o  
1 6  

This  w i l l  be r e a l  f o r  I y I  - > / m z  0.923, bu t  complex otherwise.  

m 

When 

2 i s  real ,  i t  i s  negat ive  and the t r a j e c t o r y  w i l l  be an e l l i p s e  i n  the  t , q  plane.  

L e t  u s  suppose m = - p + i q ,  a complex number, and t h a t  

x = e - p t  (A cos q t  + B s i n  q t )  

Y = e -p t  (C cos q t  + D s i n  q t )  

X = empt [(-PA + qB) cos q t  + (-pB - qA) s i n  q t ]  
# 

Then 

2 2 - q ) A - 2 pq B]  

2 2 - q ) B + 2 pq A] 

6 D  
and X = eePt cos q t  [ ( p  

+ e-Pt s i n  q t  [ ( p  
0 .  

with corresponding express ions  f o r  Y and Y. 

If X = 0 a t  t = 0,  then  A = 0,  and Y = C ,  so  
0 

-2  pq B - 2 (-pC + qD) = f3C 

2 2 
and (P - q ) B - 2 (-pD - qC) = a B  + f3D. 

2 2 1 27 2 11 2 Note t h a t  p - q = - . -  , 4  pq = 1 4  (1 - Y 1 - 11 2 

Also, a t  t = 0 , t h e  s lope  i s  

If y = 0,  then (3 = 0 ,  and the  i n i t i a l  s lope  equals  -p  from Equati'ofis (IS) ' and.( l8) .  

Equatf'ons (16) and (17) '  can be ' r e w r i t t e n  as 

- 2 p q B -  8 C  = 2q D 

- - B + 2 Q C = 8 D ,  wi th  8 = - 2 p  + f3. 5 
4 
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-pe + 2 
From t h i s ,  

Therefore ,  

C 4 
2 - = 2q B o2 + 4q 

- p e  + 1 

e2 + 4q 

dY 4 
2 dX 

- -  - -P - B  

(This holds  fo r  an incoming o r b i t . )  

For an outgoing o r b i t ,  replace -p by p in 8 and i n  Equation (19). 

The Jacob i  i n t e g r a l  a t  L 

2 

i s  obtained by s e t t i n g  4 = y ,  7 =fi i n  

For comparison of asymptotic o r b i t s  with va r ious  y ,  

4 

2U, and i s  K = 11 + y . 
i t  i s  convenient t o  use the  quan t i ty  T = K - y , s ince  t h i s  i s  always equal  2 

t o  11 a t  L4. 

Limit ing Per iodic  Motions 

When y = -1, the  motion i n  the  f ixed  system w i l l  be an e l l i p s e  

around the  o r ig in .  I f  the  e c c e n t r i c i t y  e = 0,  then the  motion w i l l  be 

c i r c u l a r  i n  the  t o t a t i n g  frame a l so .  But i f  e p 0, the  motion i n  the  r o t a t i n g  

system w i l l  be c losed  only i f  the  per iods i n  f ixed  and r o t a t i n g  systems a r e  

commensurate. 

2 '  Let  J = r 8 = angular  momentum i n  the  f ixed  system and cons ider  

e2 2*2 
the  motion f o r  y = -1. From Equation (2 ) ,  we have r + r 8 - (16/ r )  = 2h, 

where h = t o t a l  energy. A t  t he  ends r and r of the  e l l i p s e ,  = 0,  and 1 2 

0. 
r 2 8  + - - p - - =  J2 

h 2h 

The sum of the roo t s  w i l l  be the  major a x i s ,  

rl + r = 2a = -8/h, o r  a = -4/h 
2 
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I 

? 

2 2 
= a(1  - e )  a ( l  -k e )  = -3  /2h = 3 a/8. 

and the  product 

r2 

(22 1 
2 2 2 The r e f  ore  

J = 8 a ( l  -e ) = 8b / a  . 
e 0 0 

From Equations (3 )  and (20) wi th  5 = 0, 7 = r ( e  - 1) -(J/r)hr, 

4 = r ,  rl = 0, we have 

02  2 2 2  -K  = q - (16/r) - 5 = (J / r  ) - (16/ r )  ., 25 = 2h - 2.1 

ClX 

K = - 2 h  + 2J 

( 2 4 )  I/ 2 
o r  

K =  T + 1 = -2h -E 2 r  [2h -t- ( 1 6 / r ) ]  

When e = 0,  r = a,  h = - 4 / r ,  and Eqtiation ( 2 4 )  reduces t o  

The i n i t i a l  v e l o c i t y  := [ 2 h  + (16/r)]1J2 - r when J > 0, and w i l l  bz zero 

3 when 
r - 2hr -16 = 0 . 

For a va lue  of r s a t i s f y i n g  Equation (269, the  p r o f i l e  of the  c l a s s  touches 

the ze ro -ve loc i ty  curve (2.v.e.) and the motion changes from re t rog rade  t o  

d i r ec t ,  o r  v i c e  versa .  I f  e .- 0, t h i s  happens f o r  r = 2.  
e 0 8 0 

For e = 0, E =: 0, and P = 0, we have q = -shF E. With E > 0 a s  
e e I/ 2 

usual, q i s  oppos i te  i n  s i g n  t o  F. Therefore,  s i n c e  q = -p (S/r) - P, F 

w i l l  be nega t ive  when 3 > 0 and r < 2 ,  bi;t p o s i t i v e  otherwise.  This  nega t ive  

p r o f i l e  f o r  r < 2 i s  one branc.h of the(g)c . lass ,  s t a r t i n g  from P = 0 ,  T = co 

and ending a t  r = 2 ,  T = 11, and i s  s h a m  as Curve J i n  F igure  11. Its  extens ion ,  

2 - < r < co) corresponds t o  c i r c u l a r  o r b i t s  araund both  masses, d i r e c t  i n  the 

4 f ixed  system[(,LZ)class]. If J . <  0, the  o r b i t  i s  r e t rog rade  i n  the f ixed  

system, belonging t o  t h e ( f ) e l a s s  when r < 2 and t o  the(m)c lass  when r > 2. 
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t 

When e f 0,  the commensurability cond i t ion  i s  t o  be appl ied .  

t h e  f i x e d  system, the  rate a t  which area is  s w e p t  out  i s  512. Since. t.he arEa 

of an e l l i p s e  i s  T a b ,  the per iod w i l l  be ,  froin Equation (22), 

In 

3 112  P = m- (a3/2)1'2 = T (-32/h ) 

If we se t  t h i s  equal  t o  2 ~ / n ,  where n i s  the  r a t i o  of two i n t e g e r s ,  then 

(279 
2 

h3 = -8n 

This  ecpa t ion ,  s u b s t i t u t e d  i n  Equation 1(24), gives  a r e l a t i o n  

between K (o r  T) and 4 (o r  r ) .  

K vs %, r e l a t i o n  determines the  E and F p r o f i l e s .  Table ( 3 )  gives  the  vali ies 

Each va lue  of n desc r ibes  a c l a s s  , arrd the 

of n f o r  some of the  classes. I f  the p r o f i l e  f e r  some c l a s s  i s  known, the  

c.?lli.sion c r b i t  ( fo r  y = -1) has K = -2h, and we can c a l c u i a t e  n frorn Equation 

(27). I f  the c o l l i s i o n  o r b i t  is not known, then -2h can s t i l l  be found by 

so lv ing  the  quadra t i c  equat ion  (K + 2h)2 = 8h r + 64r ,  i f  two p a i r s  of 
2 

va lues  of K and Y are known. 

proper  s i g n ,  i n  the  quadra t i c  so lu t ion ,  t h a t  keeps h co5s t an t . )  

(Two p a i r s  are necessary i n  o rde r  t o  c h c x e  the  

As we have def ined a class,  i t  i s  r ep r r scn ted  uniquely by an 

e igensur face  r e l a t i n g  T ,  E ,  F, and y. I f  i t  has a s e c t i o n  ( p r o f i l e )  a t  

Y = - i  o r  y = +1, then the  r a t i o n a l  number n i n  Equation (26) i s  an 

i n v a r i a n t  of t h i s  sec t ion .  That the symmetry p r o p e r t i e s  are somewhat sec 'mdary 

, in  c h a r a c t e r i z i n g  a c l a s s  i s  ev ident  by examining the (a)  class ,  f o r  whic.h 

n = 3. 
# 

This class had been def ined f o r  y = 0 as having E > 0 f i n a l l y  as 
0 

w e l l  as i n i t i a l l y .  But f o r  y = -1 we f i n d  a sno-,th t r a r r s i t i m : f r a m  E > 0 t o  f 

1 
Q 
E < 0,  a t  T 

OR t h e  symmetry c h a r a c t e r i s t i c s  of the (6) class. This  hybrid (CX-6) class has  

(y) L! 11.93, s o  t h a t  above t h i s  c r i t i c a l  T (y) the  class takes  
f C c 

no apparent  r e l a t i o n  t o  our previous (8) c l a s s ,  which does n o t  e x i s t  f o r  

y < -0.48, al though por t ions  of the two c l a s s e s  l i e  very c lose  toge the r  a t  y = 0. 
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? 

' r  

7 

General Dependence on Mass Ratio. y 

The e igensur face  o f  a c l a s s  involvks T ,  E ,  F a3d y. E t  i s  convenient 

t o  se t  E = 0 [ o r  F = 01 and t o  consider the  ord inary  su r face  (T,  P ,  y)  [ o r  (T, E ,  Y)]. 

Assuming t h a t  one has obtained a (T,  F)  p r o f i l e  f o r  some p a r t i c u l a r  y ,  the  most 

r ap id  way of determining how t h i s  p r o f i l e  v a r i e s  wi th  y i s  t o  hold F f i x e d  and 

t o  f ind  the  (T, y) p r o f i l e .  I n  t h i s  way we may l e a r n  that- the s e c t i o n  of t he  

e i g e x u r f a c e  wi th  E = 0 and y constarrt c ~ n s i s t s  of m r e  than une curve and t h a t  

the  p r o f i l e  wi th  whish we began i s  only one branch of t he  complete (T, F) p r o f i l e .  

As a f i r s t  example, consider  the (n) :lass e j e c t i m  c r b i t s  

(E = 0 ,  F = 0 ) .  

becomes p o s i t i v e ,  as shown i n  Figure l(Curve D),bit t  t u rns  around and dounwards 

near  y = 0.12, decreas ing  u n t i l  aboct y = -0.5 and revers ing  again tr; go t o  

S t a r t i n g  with y = -1, the  energy T rises s t e a d i l y  mtil y 

p o s i t i v e  va lues  of y. 

t raced .  

one of  which i s  a t  T = 8.732, which belongs t o  the  ( c )  c l a s s  cif Strvmgren. 

This  (c> c l a s s  i s  thus  t h a t  s p e c i a l  (n )  class which i s  symmetric about t he  

?-axis only when y = 0. 

branch a l r eady  known f o r  y = 0, and the lower e j e c t i o n  o r b i t  belongs t o  an (n) 

branch no t  prev ious ly  s tud ied ,  bu t  included i n  our t a b l e s  here .  The ( c )  c l a s s  

begins a t  T = 16 and decreases ,  c ross ing  the  o t h e r  two (n> branches and 

c s c i l l a t i n g  (see Figure 6 ) .  

More r e v e r s a l s  prebably OCCGP, b u t  they have n o t  been 

S u f f i c e  i t  t o  say t h a t  there  a r e  a t  l ea s t  3 e j e c t i o n  o r b i t s  f o r  y = 0, 

The upper e j e c t i u n  o r b i t  corresponds t o  the (n)  

Consider t h e  c ros s ing  of the  upper branc:h, and l a b e l  t h e  p a r t s  

of t he  curves according as they l i e  t o  the  l e f t  o r  r i g h t  of the c ros s ing  

n and c . I f  y becomes p o s i t i v e ,  t he  r e s u l t  is a l e f t -  p a i n t  by n 

hand curve and a r ight-hand curve,  going i? the  l i m i t  as y + 0 i n t o  n C c 

a ,  r y  r 

, E a  
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rt 

and n + c r e spec t ive ly .  On 

r e s u l t  i s  an upper curve and a 

r r' the  o t h e r  hand, i f  y becomes negat ive ,  the  

lower curve,  with l i m i t s  n + c and c + n k! r a r' 

respec t ive ly .  

mode and the  upper-lower mode. 

d i r e c t i o n ,  two branches,  o r  two parts of one braach,  of a c l a s s  may move 

toward each o t h e r ,  touch, and separate i n  the  o the r  mode. 

We s h a l l  c a l l  t hese  two modes of s e p a r a t f m  the  r i g h t - l e f t  

I n  gene ra l ,  as y changes cont inuous ly  i n  one 

I f  the  T vs. y curve reaches a maximum OF a minimum y and then tu rns  

around, the  extreme po in t  i s  one a t  which two branches of the p r o f i l e  j u s t  

touch. Seve ra l  examples of t h i s  are seen  i n  F i g u r e l .  Curve A , ( a )  c lass ,  

(Ei = 0, Fi = 1.1) reverses  a t  about y = + 0.89, while Curve B (E 

F = 0.4) seems t o  r eve r se  a t  a lower va lue  of y. This means t h a t ,  as y 

i nc reases ,  t h e  lower branch of t he  (a) class w i l l  touch t h e  upper branch a t  

c e r t a i n  va lues  of F be fo re  o t h e r  values.  (Contact i s  f i r s t  made a t  one 

po in t ,  and s p l i t t i n g  i n  the r i g h t - l e f t  mode then occurs) .  Curve D a f  Fig- 

u re .  5 shows p a r t  of the  (T, F) p r o f i l e  of the  lower branch. Curve C 

(Ei= 0,  Fi = 0) i s  apparent ly  s ingle-valued.  

= 0, i 

i 

The F - p r o f i l e  (Ei = 0.0) e j e c t i o n  o r b i t s  f o r  t he  complex (g) c l a s s  

are p a r t i a l l y  graphed as Curves E and F. 

some l i g h t  on (9) c l a s s  evolu t ion .  A s  y -, 1 the upper e j e c t i o n  o r b i t  i s  

pul led  down t o  the  s i n g u l a r  p o i n t  a t  T = 11; t h a t  po r t ion  of t he  c l a s s  t h a t  

p rev ious ly  had T -+ o asymptot ical ly  must thus disappear  d iscont inuous ly  

here .  A s  y goes nega t ive ,  the upper and middle e j e c t i o n  o r b i t s  "merge" around 

y = -0.38 and d isappear  as a p a i r .  

bulge of(g)around t h e ( 6 ) c l a s s  has  pul led  t o  the  l e f t  of the  l i n e  F = 0 and 

i s  sh r ink ing  down. A s  y -, -1, the lower e j e c t i o n  o r b i t  becomes the  e j e c t i o n  

o r b i t  f o r  t h a t  l i m i t i n g  branch of the  (g) c l a s s  vhich has n = 2. The 

Although incomplete,  they  do shed 

On the (T, F) p r s f i l e  (see F i g u r e  113 t h e  
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I 

? 

extens ions  of t he  middle and lower e j e c t i o n  curves f o r  y > 0 become very 

i n t r i c a t e  because the p r o f i l e s  c o n s i s t  of long t h i n  "pockets" wi th  sharp  

"hairpin" curves ,  t h a t  move around cons iderably  w i t h  y (see Figures  11 

and 12). 

and even tua l ly  extend over toward y = 1. 

The e j e c t i o n  curves probably t w i s t  around each o t h e r  (ne t  c ros s ing )  

Curve G of F igure  1 shows the ex i s t ence  of a loweg (6) branch 

of t h e  (a-6) class a t  Fi = -0.641489 f o r  y > -0.72. 

upper branch from (6)- t o  (a)-  symmetry occurs  f o r  y < -0.68 and T <" 52.53. 

The t r a n s i t i o n  a f  t h e  

-u 

The (8) and (6) c l a s s e s  probably behave s i m i l a r l y  as y becomes 

more negat ive.  For  y = 0, the  (8) class  has an open p r o f i l e ,  ending in 

sp i ra l s  about po in t s  r ep resen t ing  asymptotic o r b i t s  111 ard I V  of S tr8mgren. 

As y becomes negat ive ,  t hese  two poin ts  draw c l o s e r  u n t i l  they f i n a l l y  co inc ide  

f o r  a value of y about -0.24. [For y s t i l l  more nega t ive ,  t hese  a s y q t o t l c  

o r b i t s  (normal t o  the  e-axis) d o  not e x i s t . ]  As  t he  p o i n t s  draw c l o s e r ,  so 

do t h e  a s soc ia t ed  sp i ra l s  u n t i l  they f i n a l l y  touch. The (8) c l a s s  then becomes 

c losed  (via t he  upper-lower s p l i t t i n g  mode), b u t  surrounds an apen s p i r a l  branch 

between I11 and I V .  This  i n  t u r n  c l o s e s ,  and genera tes  another  p a i r  o f  

c losed  and open curves,  s o  t h a t  an i n f i n i t e  nes ted  s e t  of c losed curves 

evolves  as a r e s u l t  of the  above coincidence. A s  y becomes s t i l l  mcre nega t ive ,  

t h e  o u t e r  branch sh r inks  down (and wi th  i t  the  inne r  branches) ,  f i n a l l y  t a  

d i sappear  a t  about y = -0.8. 

surrounds i t s  open (11) c l a s s  o f f sp r ing  between o r b i t s  I and 11, which are 

The (6) class i s  a l r eady  closed a t  y = 0, b u t  

? 
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clo.se toge ther .  (Presumably (6) opens up as y becomes p o s i t i v e . )  A s  y 

becomes negat ive  and I and I1 come toge the r ,  the  (k) c l a s s  w i l l  sh r ink  and 

develop f i r s t  an  o u t e r  branch and then the  inne r  progeny. 

S t r u c t u r e  of Se lec ted  Classes  

We s h a l l  now d i scuss  i n  d e t a i l  the  s t r u c t u r e  of s i x  simple symmetric 

classes,  namely ( f ) ,  (f!), (a) ,  (n),  (a-6), and (g) .  The (6) c l a s s  does not  

seem t o  p re sen t  much of  i n t e r e s t ,  because i t  j u s t  sh r inks  t o  zero  a t  about 

y = -0.48. The (k)  c l a s s  s t r e t c h e s  between asymptotic o r b i t s  1 and 11, 

which coa lesce  f o r  a value of y > -0.48, and w i l l  shr ink  down t o  zero  as the  

(6) c lass  does,  the F - p r o f i l e  f o r  (k) being contained i n s i d e  t h a t  f o r  the (6) 

c l a s s .  

The E-  ant$ F- p r o f i l e s  of t he ( f . ) c l a s s  are shown i n  F igures  2 and 3. 

A t  Y = -1 they a r e  given by Equations (4) and (25)  w i t h  t he  (-) s i g n  and 

E = r 5 2 ,  and a r e  p l o t t e d  as Curve A on both  f igures .  

from i n f i n i t e  T t o  a minimum of T = -5 a t  E = -7r o r  F = cosh 3. The f i r s t  

minimum value  of T i nc reases  t o  -2.9 a t  y = -9/11 (Curve B ) ,  then  t o  3.8  a t  

y = 0 (Curve C)  and has  disappeared a t  y = + 9/11 (Curve D ) ,  where only an 

i n f l e c t i o n  po in t  remains, a t  T = 9.2. 

The curves drop gen t ly  

-1 

This i n f l e c t i o n  po in t  separa tes  the reg ion  near  m a s s  m from an 2 

o u t e r  reg ion  where the inf luence  of t h i s  mass i s  not f e l t  very much. I n s i d e  

the i n f l e c t i o n  p o i n t ,  the  p r o f i l e  rises sharp ly  t o  T = a t  the  mass m bu t  

as m -+ 0 the  d i s t ance  out  t o  the  i n f l e c t i o n  poin t  becomes vanish ingly  s m a l l .  

A s  y -+ 1, the  p r o f i l e  f o r  the ou te r  reg ion  approaches the  l i m i t i n g  Curve G ,  

de r ived  from the  i n v a r i a n t  index n = 1 used i n  %uat ions  (27), (24) ,  and (4).  

The same F-p ro f i l e  curve a l s o  appears t o  be the  l i m i t i n g  p r o f i l e  f o r  the  (a) 

c lass  (see F igure  5 ) ,  and indeed the l i b r a t i o n  poin t  L approaches the m a s s  

2 ’  

2 

2 



- 1.5 - 

m2 as t h a t  mass becomes vanishingly s m a l l .  

pe r iod ic  o r b i t s  f o r  ( f )  and ( a )  c l a s s e s  approach a common l i m i t  when the 

inf luence  of t he  mass becomes negl ig ib le .  

Hence i t  i s  no t  s a p r i s i l g  t h a t  

Figure 4 shows how the(B)gl,a,s% disappears  as y becomes negat ive  and 

what happens t o  the nearby po r t ion  of the  (g) c l a s s  a t  the same t i m e .  The 

dashed Curve Bo , r ep resen t ing  the  (p )  class a t  y = 0,  i s  open a t  the bottom 

and s t r e t c h e s  between asymptotic o r b i t s  I11 (E = 0.8706)  and I V  (E = 0.2957). 

Curve g [ ( g l c l a s s  a t  y = 07 de tcu r s  around p 

y 2 -0.24 and E 2 0.75, o r b i t s  I11 and I V  coa lesce ,  the  (S) p r o f i l e  c l o s e s  o f f  

(genera t ing  i t s  nes t ed  set  of inner  c losed  p r o f i l e s $ ,  and then moves downward 

and t o  the  r i g h t .  The (g) p r o f i l e  moves downward a t  the  same t i m e ,  aqd the 

h a i r p i n  tu rns  are smoothed out.  The curves l a b e l l e d  g and p i n  the f i g x r e  

show the s i t u a t i o n  a t  y = -0.59, and the  heavy e r a 8  shews where, a t  y = -0.83, 

t he  (B) class vanishes.  

and does not  i n t e r s e c t  it. A t  
0 o 

cy 

I n  gene ra l ,  once a c l a s s  has become closed by a chamge of y i n  some 

d i r e c t i o n ,  f u r t h e r  change of y i n  the same d i r e c t i c n  w i l l  b r i n g  about i t s  

shr inkage t o  zero.  The p a r t i c u l a r  va lue  of y a t  which the c l a s s  d i sappears  

does not  seem t o  have any s p e c i a l  s ign i f icance .  F o r  i n s t ance ,  the ( b )  class 

vanishes  a t  about y = -0.48 and the lower (a-6) class a t  about y = -0.71 

(see Figure  9 ) .  

The development of t h e ( a k 1 a s s  from y = -1 t o  y = 4-1 i s  i l l u s t r a t e d  

i n  F igure  5. I This  class has  terminat ion po in t s  a t  L t h e  locus of which has 

been p l o t t e d  as dashed l i n e s ;  f o r  y + -1, t h e  locus goes t o  the p c i n t  'I = 11, 

F = - -t cosh 

p r o f i l e s  a t  y =,+ 1 have both been c a l c u l a t e d  us ing  the  invariarst  index n = 1, 

and are i d e n t i f i e d  on the  f i g u r e  as Curves H and A, r e spec t ive ly .  

2 j  

-1 3 ,  while f o r  y --f 1 the locus  goes t o  T = 11, F = 0. The l i m i t i n g  
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The minimum value  (T = - 5 )  of curve A f o r  y = -1 inc reases  t o  

T = 4.2 f o r  y = 0 (curve B )  and t o  T = 9.5 f o r  y =: 3/11  (upper minimum of 

curve D). Curve C shows p a r t s  of the lower (a)  c l a s s  f o r  y = 0.63, now 

expanding upward s h o r t l y  a f t e r  i t s  "b i r th"  a t  y 2 0,58. 

lower s e c t i o n ,  wi th  i t s  two sharp maxima pro t ruding  up on the l e f t  and 

r i g h t ,  touches the f l a t t e n e d  out  upper s e c t i o n ,  s p l i t s  away i n  the  l e f t -  

r i g h t  mode, and so  genera tes  two new s e c t i o n s  out of t h e  o l d  pieces .  These 

two s e c t i o n s ,  a l a r g e  o u t e r  rrbagr' (incomplete) and a smaller inne r  " i s land"  

( c losed ) ,  are shown f o r  y 2 0.82 as Curve D i n  the  f igu re .  A t  t h i s  va lue  of 

y, we see two channels ,  and the  r i g h t  one i s  e s p e c i a l l y  narrow. A t i n y  loop  

occurs  a t  the bottom of the  " is land",  i n d i c a t i n g  t h a t  cusps and loops can 

occur  i n  the (T,  F) Ear (T, E ) ]  plane,  completely analogoils t o  o r b i t a l  loops  

i n  the  (E,  F) plane.  

,w 

'v 

When y = 0.78 t h i s  

As y inc reases  , t he  inne r  " is land" probably sh r inks  t o  nothing. 

The upper po r t ions  of the  o u t e r  Irbag", hanging suspended from the L locus ,  

g radua l ly  s l i d e  d a m  the locus t o  the s i n g u l a r  po in t  a t  T = 11. Curve G 

shows p a r t  of the  o u t e r  "bag" f o r  y = 0.93, a c l o s e  bounding su r face  now 

f o r  t h e  (g) class. A s  y - 1 the outer  p o r t i o n  of the "bag" tends tcward 

Curve H,  wh i l e  the i nne r  v e r t i c a l  por t ion  goes toward the  ax is .  

2 

Figure 6 shows haw the (n) c l a s s  begins  t o  develop. (Since E runs 

from 0 t o  -a, we need only s tudy the  range 0 5 y 2 1.) 

are ind ica t ed  by dashed l i n e s ,  u denoting the  upper, c t he  middle, and 1 the 

l c w e r  branch,  r e spec t ive ly ,  

The 3 branches a t  y = 0 

The upper and lower branches are  non- in t e r sec t ing  s i n u s o i d a l - l i k e  

curves  wi th  per iod 2~~ They a r e  in t e r sec t ed  fou r  t imes ( P >  Q ,  R ,  SI by the 

middle (c> branch, which beings a t  L arid drops r a p i d l y  i n  'T, o s c i l l a t i n g  1 
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ac ross  the o t h e r  branches i n  s o  doing. When y inc reases  from zero ,  the  i n t e r -  

s e c t i n g  branches break apart .  The s p l i t t i n g  is  l e f t - r i g h t  a t  the po in t s  

marked P and S; the  upper-lower s p l i t t i n g  mode occurs  a t  p o i n t s  Q and R. The . 
s o l i d  l i n e s  i n d i c a t e  the  3 rearranged branches a t  y = 0.12, U denot ing the  

upper ,  M t he  middle and L the  lower branch, r e spec t ive ly .  When y decreases  

from 0.12 t o  0 ,  U -+ C U C ,  M --f u c l c ,  and L + IC, the l i m i t s  being curves made 

up of p ieces  of the va r ious  branches a t  y = 0. 

As y becomes more p o s i t i v e ,  t he  M branch sh r inks  down t o  curve m 
* ‘v 

a t  y = 0.66 and d isappears  f o r  y = 0.7. The evo lu t ion  of the U branch i s  

shown i n  Ftgure 7. Curve D i s  the composite of p e r t i n e n t  y = 0 pieces  from 

which Curve C ( f o r  y = 0.12) der ives .  A s  y inc reases ,  the minimum value of 

, T decreases  t o  nega t ive  va lues ,  t h e  two p a i r s  of r e l a t i v e  m a x i m a  and minima 

which e x i s t e d  a t  y = 0.12 d isappear ,  and the  U branch goes smoothly i n t o  

1 Curve B as y + 0.90. This  branch begins and ends on the  locus  f o r  L 

(shown i n  dashed l i n e s ) ,  j u s t  as the  (a )  c l a s s  i s  a t t ached  t o  t h e  L locus.  

As y -, 1 the  end p o i n t s  s l i d e  down the L locus t o  the  p o i n t s  a t  T = 11. 

The middle p o r t i o n  of t h e  p r o f i l e  goes smoothly i n t o  l i m i t i n g  Curve A, 

2 

1 

which i s  ca l cu la t ed  us ing  the  i n v a r i a n t  index n = 5 1 3  i n  the  equat ions.  

A general  set  of p r o f i l e s  f o r  the ( a -6 )c l a s s  i s  given i n  Fig. 8. 

Curve A, the  l i m i t i n g  p r o f i l e  a t  y = -1, has the  i n v a r i a n t  index n = 3 and 

i s  tangent  t o  the  ze ro  v e l o c i t y  curves a t  T 11.93. For T > T the t ra-  
- 

C C 

j e c t o r i e s  have (6)- type symmetry (E < O ) ,  while  f o r  T < Tc they have (a>- f 

. 

type symmetry (E > 0).  There is  a continuous t r a n s i t i o n  a t  T = T from one f C 

type t o  the  o t h e r ,  which comes about as follows. The ( a ) - t r a j e c t o r y  (during 

t h e  f i n a l  p a r t  of the ha l f -per iod)  c rosses  the  F-axis  with E < 0 a t  some va lue  

Fk < F then tu rns  and comes back t o  t h e  F-axis  a t  F = F with  F = 0 ,  
f’ f ’  f 
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E > 0,  forming h a l f  of  a loop. As T approaches f 

4 

f 
F f ,  t he  loop c o n s t r i c t s  and a t  T = T 

loop has shrunk t o  zero ,  the  o r b i t  has a cusp a t  

T now inc reases  above T the  cusp i rons  o u t ,  
C Y  

we have E 
C 

Ef 

(A)-tYPe* 

T from below, F approaches 

= 0,  Ff = 0 ,  i.e., when the  

the ze ro -ve loc i ty  curve.  If 

< 0, and the  class i s  of 

C k 

As y inc reases  from -1, the (a-6) c l a s s  develops i n  a r a t h e r  

complicated way, as shown i n  F igures  8 ,  9 ,  and 10 by the  sequence of p r o f i l e s  

A, S ,  B,  P ,  R ,  M and N ,  L and H and Q ,  K ,  C y  and V ,  and D ,  corresponding 

t o  y-values of -1, -0.7096, -0.6893, -0,5459, -0.5419, -0.5146 and -0.5183, 

-0.4839, -0,4025, 0 ,  and 0.8609, r e spec t ive ly .  One reason f o r  t h e  c o m p l i -  

c a t i o n  i s  the b i r t h ?  s l i g h t l y  below y = -0.71, of a nes ted  set  of p r o f i l e s  

a s soc ia t ed  wi th  asymptotic o r b i t s  X I  and X I V  . The outermost p r o f i l e  of t h i s  

s e t  i s  shown as curve S (y  = -0.7096) and i s  of h2-type. 

denotes  the  number of i n t e r s e c t i o n s ,  inc luding  the beginning,  of the ha l f -  

o r b i t  w i th  the  F-axis) .  I n s i d e  t h i s  p r o f i l e  t he re  fo l low i n  o rde r  a 

e t c .  This  s e t  swe l l s  up as y i nc reases ,  and R shows the  6 - p r o f i l e  a t  

y = -0.5419. On f u r t h e r  expansion, when y = -0.54, t h i s  p r o f i l e  touches 

t h e  upper branch (approximately a t  P) a t  2 conjugate  p o i n t s ,  where s p l i t t i n g  

i n  the  l e f t - r i g h t  mode then  occurs.  One new branch i s  the  i s l a n d  M (y = -0.5146) 

which quick ly  sh r inks  down and d isappears  as y increases .  The branch 

M (y = -0.5183) a t  the  r i g h t  i s  i n  the shape of a h a i r p i n  above T = 12. 

The r i g h t  prong belongs t o  the  a3-class up t o  T = 12.88, where the t r a n s i -  

t i o n  t o  t h e  6 - c l a s s  occurs.  From t h i s  po in t  on, each po in t  of the  h a i r p i n  2 

has a cgnjugate  po in t  on the left-hand s i d e  of the  f igu re .  

* Asymptotic o r b i t s  X I V  and X I  f i r s t  a p p e a r  a t  y 2 -0.582, F = -0.35 (T =11) 

and are represented  a t  y = 0 by T = 11, F = -0.8124 and 0.4065, r e spec t ive ly ,  

(The s u b s c r i p t  

3’  64’ 

2 
Iv 

cu 

C 

Conjugate _ _ _ _ _  
* 
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t o  t he  t r a n s i t i o n  p o i n t  i s  a po in t  on the ze ro -ve loc i ty  curve (z.v.c.) from 

which the  6 - p r o f i l e  i s s u e s  t a n g e n t i a l l y ,  t o  t he  r i g h t  and upward. Af t e r  the  

m a x i m u m  va lue  of T ,  t h i s  p r o f i l e  tu rns  around and aga in  goes toward the zero- 

v e l o c i t y  curve ,  narrowly misses  i t  and tu rns  t o  fo l low Curve R t o  a minimum 

where the  conjugate  p o i n t s  m e e t .  

2 

a3 , As R swells up,  t he  curves  i n s i d e  i t  do, too. The next  one, 

i s  shown as N ,  f o r  y = -0,5183, i n  F igures  9 and 10. The r i g h t  s i d e  of 

F igure  10 shows the h a i r p i n  M on a n  expanded s c a l e ,  with the  Curve N running 

p a r a l l e l  t o  i t  f o r  a while ,  and very close, ,  

The Z.V.C. (Curve m) has a minimum a t  T 12.6767, and Curve N l i es  

j u s t  below wi th  T 12,6754, the  sepa ra t ion  being too s m a l l  t o  a p p e a r  on the  

graph. (Curve N ,  F igure  10, l e f t  s i d e ,  i s  j u s t  a mi r ro r  image  of t he  usua l  

a - p r o f i l e ;  the a c t u a l  e igensur face  here i s  continuous wi th  F > 0). 

A s  y inc reases  above -0.5183, Curve N rises t o  m e e t  t he  z.v.c., and 

the  r e s u l t i n g  po in t  of tangency marks the  boundary between a 

Curve M (6  - p a r t )  has moved over t o  touch N a t  t h i s  same p lace ,  and thus  

f o u r  branches a l l  m e e t  here  (See Figure 10, l e f t  s i d e ) .  Recombination can 

now occur ,  upper N with lower M and upper M wi th  lower N ,  g iv ing  2 (a-6) 

curves ,  each with i t s  own po in t  of tangency t o  the  z.v.c [note  t h a t  lower N 

on the l e f t  s i d e  corresponds t o  upper N on the  r i g h t  s i d e ,  and v i c e  versa] .  

The upper curve evolves  t o  Curve LH a t  y = -0.4839, and the  lower curve t o  

Q ,  which must now have j u s t  one type of symmetry ( i n  f a c t  6 ) s i n c e  i t  does 

no t  touch the  Z.V.C. any longer.  Curve Q has only been t raced  ou t  p a r t i a l l y ,  

and t h e  d e t a i l s  of i t s  breakaway from t h e  Z.V.C. have not  been s tudied .  

and 62- symmetry. 3- 

2 

2 
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The important f e a t u r e  of Curve LH i s  t h a t  i t  i s  tangent  t o  the  Z.V.C. 

a t  two p o i n t s ,  so  t h a t  t he re  i s  a t r a n s i t i o n  from a - type  t o  6 - type  a t  one 

po in t  and the  r eve r se  t r a n s i t i o n  a t  the o t h e r  po in t .  As  y i n c r e a s e s ,  the 

p o r t i o n  with 6 -symmetry becomes smaller and smaller and f i n a l l y  vanishes ,  

a f t e r  which the p r o f i l e  p u l l s  away from the Z.V.C. 

3 2 

2 

By the  t i m e  y has increased t o  -0 .4839,  a has developed a pronounced 3 

minimum which i s  shown on Figure 9 by Curve H. This  may be v i s u a l i z e d  as a 

depress ion  t h a t  i s  being produced by the  r ap id  expansion of the  o r i g i n a l  (6) 

c l a s s ,  which i s  shown f o r  y = -0,40245 as Curve G. This  expansion cont inues  

with inc reas ing  y ,  making i t  d i f f i c u l t  t o  l o c a t e  the minimum T f o r  the  a 

class. Consequently, only r i g h t  and l e f t  branches are shown f o r  y = -0.40245 

(Curve K)  and y = 0 (Curve C) .  

l e f t  by the 6 - p r o f i l e  f o r  y = 0,  Curve V ,  which has evolved cont inuously 

from Curve S (y = -0 ,7096) .  Curves S and B are f a i r l y  f a r  apar t ,  b u t  Curve V 

approaches the  r i g h t  branch of Curve C r a t h e r  c lose ly .  

3 

The l e f t  branch of Curve C i s  bounded on the  

2 

P a r t  of t he  p r o f i l e  a t  y = 0.8609 has been run ou t ,  and i s  shown as 

Curve D on F igure  8. The minimum of T has  increased  g r e a t l y ,  and t h e  v a l l e y  

is  n o t  so  wide, which i s  probably due t o  inc reas ing  c o n s t r i c t i o n  by i t s  Z.V.C. 

(Curve d).  The Z.V.C. a t  y = 1 is  shown as dashed Curve e. 

Turning now t o  the  ( g )  c l a s s ,  l e t  us  see how the  p r o f i l e s  change. 

A t  y = 0,  the p r o f i l e s  come from T = m y  i n t e r s e c t  the  (6) c l a s s  a t  top and 

bottom, go around the  (p) class and, a f t e r  going through a minimum and a 

maximum, te rmina te  i n  a s p i r a l  around an asymptotic o r b i t .  A s  y becomes 

nega t ive  the (6) c l a s s  s h r i n k s ,  and d i s a p p e a r s  a t  about y = -0.484. A t  t he  

s a m e  time the  corresponding (F-prof i le )  pocket of t h e  (g) c l a s s  a l s o  vanishes .  

(See F igure  11). The E-p ro f i l e  s t i l l  must curve t o  avoid the  (8) c l a s s .  
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However, the (@) c l a s s  becomes closed and a l s o  sh r inks  down as y becomes more 

negat ive .  A t  y = -9111 the  E-p ro f i l e ,  f o r  E > 0 ,  has  become q u i t e  smooth,as 

shown by Curve A, F igure  13. 

For F > 0 (or  E < 0) Curve A goes through a minimum and rises very  

s t eep ly ,  The e igensur face  meets the ze ro -ve loc i ty  su r face  t a n g e n t i a l l y ,  as 

shown on the  F - p r o f i l e ,  Curve A, Figure 11. The symmetry then changes t o  t h a t  

of the ( f )  c l a s s ,  bu t  the  terminat ion of the  E - p r o f i l e  i s  no longer  on 

asymptot ic  o r b i t  VI11 as i t  w a s  a t  y = 0. 

To a s c e r t a i n  how the  manner of te rmina t ion  changes, s p e c i a l  compu- 

t a t i o n s  were c a r r i e d  out ,  S t a r t i n g  a f t e r  the maximum of the E - p r o f i l e  w i th  

Ei 

down t o  y = -0.9468. Then, s t a r t i n g  a t  T = 11 and holding y cons t an t  a t  

-0,9468, the  E - p r o f i l e  w a s  run up pas t  the maximum and t o  the  r i g h t ,  t o  g ive  

a c losed  branch of the (g)  c l a s s  (shown as Curve H on Figures  11 and 13) 

completely separate from the  branch descr ibed  above f o r  y = -9111. 

= -1,88785 and keeping T cons tan t  a t  11, E w a s  found as a func t ion  of y 
N 

This c losed  brach may be regarded as analogous t o  Curve S of the  

(a-6) class  (Figure 8) .  A s  y becomes more p o s i t i v e ,  Curve H expands t o  

m e e t  t he  ze ro -ve loc i ty  curve and the  main branch. Although the process  

has  n o t  been t raced  i n  d e t a i l ,  t he re  i s  a s p l i t t i n g  and recombination so 

t h a t  t h e  le f t -hand  s i d e  of the  closed branch combines with the  r i g h t -  

hand (g)  branch represented  by Curve A, Figure  13. Along with t h i s ,  asymptot ic  

o r b i t  VI11 and i t s  conjugate  VIIL* are  born a t  y = -0.7, E = -2 .27,  and move 

apart. 

m4 N 

( A t  y = 0,  T = 11, E = -1.883 f o r  VI11 and E 2 1.79 f o r  VIII*). 
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This  causes  the  c losed  branch t o  open up, and Curve A t o  end i n  a s p i r a l  

about  o r b i t  V I 1 1  f o r  somewhat higher va lues  of y e  W e  have not  attempted 

to  trace t h a t  branch of class(g'Bwhich sp i r a l s  out  fray VIII*, p a r t l y  

because very t i g h t  h a i r p i n s  seem t o  be involved ( a s  i n  the  behavior  of t he  

nes ted  p r o f i l e s  o f  t he  ((2 - 6) c l a s s ) .  

The lower(gjc1ass  a t  y = -1 i s  represented  by n = 2 i n  Ebuation 

(271, and i s  shown i n  Figure 15. Inspec t ion  shows s e v e r a l  f e a t u r e s  which are 

s t i l l  ev ident  i n  t h e & ) c l a s s  a t  y = 0. 

which has cusps on both E- and F- axes ( ze ro -ve loc i ty  p o i n t s ) ,  the  c l a s s  

develops as shown by Curves 2 - 1 3 #  A lccp  a p p e a r s  and becomes l a r g e r  wi th  

w 

S t a r t i n g  wi th  Curve 1 a t  F = -1.658, 

i nc reas ing  P u n t i l  t he re  i s  a double c o l l i s i o n  o r b i t  a t  E =: 0 ,  F =: 0,  and 

T = 5,3496. The angular  momentum J ( f ixed  system) now becomes negat ive and 

the loop becomes s t i l l  l a r g e r ,  e n c i r c l i n g  the o r i g i n .  The f i n a l  E i n t e r c e p t  

decreases  s t e a d i l y  t o  E -- -T. correspcnding t o  F = 1.76275 ( 5  = -21,  a f t e r  
* 

which the  p a r t i a l  o r b i t  i s  represented as te rmina t ing  on the l i n e  E = -7 

with  F < 0 and F = 0. The i n i t i a l  value of F i nc reases  t o  a maximum a t  
a 

F z 1.931, where J -- 0,  T = 5.3496, and the re  i s  a skew c o l l i s i o n  o r b i t  

(cf.  Figure 8c f o r  y = 0 ) ~  Afte r  the maximum, F .  decreases  t o  about 1.658, 

a t  which poin t  the  v e l o c i t y  i s  zero again,  

1/ 
1 

There i s  no( Q c l a s s  corresponding t o  n =: 2 ,  a s  is shewn by the 

fo l lowing  argument. 

r and the  value o f  J, because the i n i t i a l  v e l o c i t y  7 = (J1.r) - r. I n  t h e  

a b m e  d e s c r i p t i o n  of the(gt)class ,  the value of '1 s t a r t e d  with zero ,  went 

The motion i s  uniquely determined by the  i n i t i a l  coord ina te  
4 

p o s i t i v e  t o  a maximum, then through zero t o  a negat ive  minimum and then back 

t o  zero ,  A l l  va lues  of r and J f o r  n = 2 were covered, and a19 o r b i t s  were 

. found t o  belong t o  the (g )c l a s s ,  s o  no other ;  can e x i s t .  I f ,  for example, 
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I 

I b v P # ' I '  4 

F = 0, E = 0,  and 7 = -E.sh F i n i t i a l l y  and E = 0 ,  F = 0,  and 7 = -F s-in'E 
0 

f i n a l l y ,  and w e  n o t i c e  t h a t  7 changes s i g n  a f t e r  P = ~ f 2 ,  then  E .  > 0 and 

F.  < 0 imply t h a t  F > 0 f o r  E > 0 ,  which i s  g-symmetry. 

1 

1 f f 

However, we d id  f ind  t h a t  t h e ( g ) c l a s s  a t  y = -9f11  assumes f - type  

symmetry a f t e r  going through a cusp on the  F-axis  (zero  v e l o c i t y ) .  There i s  

no c o n t r a d i c t i o n ,  because a t  y = -1 t h e  c r i t i c a l  o r b i t  f o r  n = 2 has cusps 

on both E - and F - axes simultaneously and thus the symmetry does no t  

change. The value y = -1 must then be regarded as except iona l .  

A t  y = - 9/11,  a f t e r  the (g )c l a s s  has made the t r a n s i t i o n  t o  t h e  

( f ) c l a s s ,  a new F - p r o f i l e  l y ing  below t h a t  f o r  t he (g )c l a s s  i s  obtained (see 

PigLtre 11). L e t  us dencte  t h i s  by F An(f3class  q u a r t e r - o r b i t  d i f f e r s  

e s s e n t i a l l y  from one f o r  t heQg)c la s s  only i n  having a s m a l l ,  f i n a l  half- loop.  

The p r o f i l e  F goes from the  le f t -hand  2.v.c. more o r  less pa ra l l e l  t o  the  

( g ) c l a s s  p r o f i l e  (Fc-) down t o  a minimum and up again.  Because the  o r b i t s  do 

1' 

1 

develop i n  the same way as those of t h e ( g ) c l a s s ,  F 

Z.V.C. and t u r n  i n t o  a new p r o f i l e  F (g-type).  The c l a s s  never ends,  bu t  Fn 

w i l l .  probably approach a l i m i t i n g  curve,  as n + 

A t  y = -1, t h e ( g ) z l a s s  has 2 branches,  Guwe K with  e f 0 ,  n = 2 

w i l l  m e e t  the  right-hand 
1 

2 

and Curve J with  e =: 0. When y increases  from y = -1, Curves 3 and K break 

apar t  ( i n  the  l e f t - r i g h t  mode). On the  F -p ro f i l e  (Figure 11) the right-hand 

branch r o m d s  o f f ,  moves slowly t o  t h e  r i g h t  and becomes Curve A a t  y = - 9 / l l .  

The le f t -hand  branch shr inks  down t o  disappear  a t  y 2 -0.98. 

As y cont inues t o  increase ,  Curve A i s  transformed i n t o  Curve B 

a t  y = 0 and i n t o  Curve C a t  y = + 9/11. Af te r  asymptotic o r b i t  V I 1  appears,  

0 

"t \ I  
u c  q 0.35, the  upper - r igh t  s e c t i o n  of the F - p r a f i l e  terminates  i n  a s p i r a l  I 

around V L I ,  much as the  E-p ro f i l e  does about VKI, and the evo lu t ion  may be 
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conjec tured  t o  be s imi l a r .  The(g)class  p r o f i l e  s t a y s  below that of the(a-’)class 

p r o f i l e ,  which p u l l s  away from the  Z.V.C. The(g3class i s  i n  gene ra l  i n t e r -  

mediate between the(ol-)class and the(a3c lass .  The l a t t e r  p r o f i l e  goes between 

the  po in t s  r ep resen t ing  L and i s  outs ide  and below the(gJc1as.s p r o f i l e .  A s  

y i nc reases ,  t h e ( a ) p l a s s  p r o f i l e  pushes upward and the(g-)class F -p ro f i l e  goes 

wi th  i t ,  which accounts f o r  the lower l e f t  p a r t  of Curve C (y = + 9/11) .  The 

pocket i s  due t o  the  presence of t he (b )c l a s s ,  and has only shrunk a l i t t l e  a t  

y = 9/11  (asymptotic o r b i t s  I and 11 being no longer  i n  e x i s t e n c e ,  the(6,)class  

i s  c losed  aga in) .  

2 

The behavior  as y increases  beyond + 9/11 i s  inf luenced  very g r e a t l y  

by t h e  appearance of a t  l e a s t  one, bu t  probably two lower branches of t he  

( g ) c l a s s ,  and the  i n t e r a c t i o n  wi th  the upper branches i s  b e s t  seen by r e f e r r i n g  

t o  t h e  E-p ro f i l e  (Figure 14).  One lower branch, Curve G f o r  y = + 9/11, has 

a sharp  peak a t  maximum T. A s  y inc reases ,  t h i s  t h r u s t s  up t o  m e e t  the  upper 

branch near  E = -1, and a l e f t - r i g h t  s p l i t t i n g  ensues. A s i m i l a r  p rocess  

ev iden t ly  occurs  near  E = + 0 . 3 ,  s o  t h a t  Curve D f o r  y = + 0.93 has two 

long appendages which go down t o  l o w  va lues  of T. 

p r o f i l e ,  b u t  broad on the  F-prof i le  (Figure 1 2 ) .  A t  y = f 9/11, t h e  F -p ro f i l e  

f o r  t h a t  lower branch corresponding t o  E = 0 . 3  must l i e  i n s i d e  Curve G ,  s o  

t h a t  i t s  meeting and s p l i t t i n g  w i t h  the  pocket of Curve C w i l l  occur a f t e r  

the  l e f t - r i g h t  s p l i t t i n g  of G and the lower po r t ion  of Curve C. 

They a r e  t h i n  on the  E- 

- 

A t t e m p t s  were made to  find the l i m i t  of t h e k k l a s s  p r o f i l e s  as y 
--+ 1, 

b u t  t hese  d id  not  y i e l d  any d e f i n i t e  r e s u l t .  

r equ i r ed ,  and o t h e r  as y e t  unknown branches probably appear. I n  the event  t h a t  the  

de te rmina t ion  of t h i s  l i m i t  should prove important ,  i t  i s  l i k e l y  t h a t  the  i n v e s t i -  

g a t i o n  w i l l  r e q u i r e  a t  l e a s t  a s  much e f f o r t  as w a s  spent  on the  (a - 6) c l a s s .  

High accuracy of i n t e g r a t i o n  i s  
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Conclusions 

The present  work has  been concerned with t h e  evolu t ion  of s e v e r a l  

simple symmetric c l a s s e s ,  a s  t he  mass-rat io  changes. The r e s u l t s  may be 

summarized as follows: 

1. Two branches of an e igensur face  may move toward each o t h e r ,  

touch,  and s p l i t  i n t o  two o t h e r  branches which then move a p a r t .  

2 .  This  i n t e r a c t i o n  may occur when both e igensur faces  touch the  zero-  

v e l o c i t y  su r face ,  i n  which case  the  r e l a t i o n s  are  somewhat 

complicated.  

3 .  When the  e igensur face  touches t h e  ze ro -ve loc i ty  s u r f a c e ,  a 

change of symmetry ( reverse  of v e l o c i t y )  occurs ,  as from g t o  f 

and from a t o  6. 

4. Asymptotic pe r iod ic  o r b i t s  appear and d isappear  i n  p a i r s .  The 

( g l c l a s s  a t  y = 0 appears t o  te rmina te  on asymptotic o r b i t s  

V I 1  and VIII, but  t he re  a r e  i n  fact  a d d i t i o n a l  branches a s soc ia t ed  

with o r b i t s  V91* and TITI*. 

The(g)c lass  a t  y = -1 c o n s i s t s  of a t  least  2 branches,  one with 

e p 0 and i n v a r i a n t  index n = 2 ,  and the  o the r  with e = 0 (r  < 2 ) .  

These branches combine with each o the r  as y i n c r e a s e s ,  but  i t  i s  

not obvious what t h e  i n v a r i a n t  of t he  c l a s s  now i s ,  e s p e c i a l l y  

s ince  the  eigensurface i s  p a r t l y  g- type,  p a r t l y  f - t y p e  a t  

5 .  

y = -9 /11 .  
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6 .  The main f e a t u r e s  of c l a s s e s  ( a ) ,  ( f ) ,  and (n) have been found 

f o r  the  whole range -1 y 5 1, and those of c l a s s e s  (B) ,  (S) ,  

(a - S ) ,  and (g - f )  f o r  -1 < y < 0.93. 

i f  of i n t e r e s t  f o r  these l a t t e r  c l a s s e s  would r e q u i r e  a sepa ra t e  

i n v e s t i g a t i o n .  

The v i c i n i t y  of y = 1, - -  
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APPENDIX - METHOD OF INTEGRATION 

. 
Afte r  explora tory  work was done on the  GTER computer a t  Copenhagen, 

ob ta in ing  one pe r iod ic  s o l u t i o n  a t  a t i m e ,  a new program was  w r i t t e n  f o r  the  

IBM 7094 a t  I l l i n o i s .  This w a s  designed t o  run out  a p r o f i l e  au tomat ica l ly ,  

and managed t h i s  success fu l ly  except a t  sharp h a i r p i n  curves,  where s p e c i a l  

a n a l y s i s  w a s  uleually necessary.  

'The equat ions  of motion,Equations (6 )  and (7),were i n t e g r a t e d  

numerical ly  us ing  a modified Runge-Kutta-Gill program. The f i r s t  i n t e g r a l ,  

Equation (59,was used t o  c a l c u l a t e  one of t he  i n i t i a l  v e l o c i t i e s  from chosen 

va lues  of the o t h e r  v a r i a b l e s  and parameters,  and a l s o  served as a check on 

the  va lue  of T f o r  each c a l c u l a t e d  p o i n t  of t he  o r b i t .  The d e v i a t i o n  from 

constancy w a s  thus a measure of the o v e r a l l  accuracy of the i n t e g r a t i o n .  

A s  an  example, consider  the procedure f o r  t he (a3c la s s  (F -p ro f i l e ) .  

I n t e g r a t i o n  w a s  c a r r i e d  out  (with s teps  A+ = 0.02, f i xed )  from i n i t i a l  E = 0,  

F = 0 u n t i l  E = 0 w a s  reached again ( i n t e r p o l a t i n g  during the l a s t  s t e p )  and 

the  i n i t i a l  va lue  of F ad jus ted  u n t i l  the  f i n a l  va lue  of F w a s  c l o s e  t o  

e 

w 

-4 * 
zero.  On the IBM 7094 the  maximum al lowable dev ia t ion  w a s  u sua l ly  IF /  < 5 x 10 , 

- 3  a l though i n  s e n s i t i v e  reg ions  t h i s  w a s  increased  t o  as much as 5 x 10 . 
Once one s o l u t i o n  had been found, another  of  t he  v a r i a b l e s ,  say T ,  

w a s  incremented and then held constant  while the  o t h e r  v a r i a b l e ,  say Fi ,  w a s  

v a r i e d  t o  genera te  a second per iodic  so lu t ion .  Af te r  t h ree  o r  more s o l u t i o n s  

had been found, t he  p r o f i l e  was ex t rapola ted .  S u i t a b l e  increments were 

determined from the curva ture  of the p r o f i l e ,  decreas ing  as the  curva ture  

increased.  
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. 

* 

APPENDIX - LIMITING MOTIONS 

For e l l i p t i c a l  motion i n  the f ixed  system, x = a (cos E 2 e ) ,  

y = b s i n  E ,  and n t  = E _+ e s i n  E ,  where E i s  the  e c c e n t r i c  anomaly. The 

coord ina tes  i n  the  r o t a t i n g  system are 4 = x COS t -+ y s i n  t = ch F cos E 4- y 

and 11 = - x s i n  t 4- y cos t =: - s h  F s i n  E. 2 Then, f o r  y = -1, ( 4  f- 1) 

2 f- T~ - 1 = sh2 F - s i n 2  E and T~ = sh2 F s i n  E. When 5 and q are known, we  

2 2 can so lve  these  equat ions f o r  s h  F and s i n  E and s o  o b t a i n  E and F, except  

f o r  minor ambigui t ies  which can be resolved by knowing the  c l a s s  and by 

r equ i r ing  c o n t i n u i t y  of motion. S t a r t i n g  wi th  a permiss ib le  i n i t i a l  va lue  

of 5 and wi th  7 = 0, 4 = 0, and 7 = 2 ,  one can c a l c u l a t e  the subsequent 
. 

values of E and F as func t ions  of E. F igure  15 shows the  r e s u l t i n g  

t r a j e c t o r i e s  f o r  s e l e c t e d  values  of F and J ,  and these  curves [ f o r  the 

(g) class] have been d i sccs sed  i n  the text. 

i 

. 
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. 
Note: To ob ta in  the  remainder of r-he iocus s t b t r a c t  t he  given 

E values from T and change t h e  sign of y .  

(Figure 7 )  

9/ 

1,0000 
0 0 9999 
0 e 9999 
0 L) 9996 
0 9985 
(3 9956 
0 9889 
0 9753 
0 9581 
0 9066 
0 0 9003 
0 ,8775 
0 8207 
0 il 7995 
0 0 7318 
0 5850 
0 , 3 9 5 1  
0 3087 
0 , 2 1 7 4  
0 1228 
0 e 0008 

Y 

1 0 0000 
0 0 99999 
0 ' 9996 
8 9988 
0 9944 
0 9832 
0 9680 
0 9334 
0 9303 
0 9064 
0 ,8770  
0 8140 

T E 
11 .0000 
11 0036 
11 0178 
11. (3541 
11 1339 
11.2715 
11 -4899 
11.8088 
12.2437 
12 7993 
12.8612 

13 5920 
13 ,7515 
14 ,1956 
14 9208 
15  0 5325 
15,7192 
15 ,8622 
15 9564 
16 ,0000  

13 1010 

0 8000 
0 I 2000 
0 3000 
0 4000 
Q 5000 
0 6000 
0 0 7000 
0 I) 8008 
0 0 9000 
1 " 0000 
1 I_ 0100 
1 8490 
1 1180 
1 1408 
1 ' 2000 
1 3000 
1 4000 
1 4400 
1 4800 
1 5200 
1 5708 

11 .0(300 
11 "0249 
11 ,0534  
11 1162 
11 3033 
11 5925 
11 981 
12 .2999 
12 .332% 
12.5545 
12 7818 
1 3  1582 

0 , 8  
0 . 2 0 0 0  
0 4800 
0 4908 
U 6224 
0 7508 
0 8670 
0 0 9444 
0 9316 
I 0 8000 
1 8470 
1 1230 
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Class  
Name 

g(J)  
1 
€ 
m 

Y 

0.7265 
0.5689 
0.3515 
0.2179 
0.0000 

-0.1012 
-0.2089 
-0.2906 
-0.3234 
-0.3563 
-0.3894 
- 0.4894 
-0.6582 
-0.8287 
- 1.0000 

T F 

13.5225 
13.9039 
14.0777 
14.0466 
13.8272 
13.6658 
13.3653 
13.2768 
13.1989 
13.1177 
13.0332 
12.7602 
1 2  e 2435 
11.6548 
11.0000 

Two-Body (y =1) Limits f o r  the  Classes  

Inva r i an t  
IQdex 

1 

3 

2 

n 

513 

11 2 

Total  
Energy 

-2.00000 
-2.81194 
-4.16017 
- 1.25992 
-3.17480 

1.2000 
1.3000 
1.4000 
1.4500 
1.5206 
1.5500 
1.5800 
1.6015 
1.6100 
1.6180 
1.6260 
1.6500 
1.6890 
1.7270 
1.7630 

Energies  a t  
E j e c t i o n  (F=O) 

T (2) 

11.0000 -5.0000 
10.7898 -1.5420 

Classes  w th  Zero Eccentr-Zi ty  (e=O) 

10.8837 . 7.8441 
10.4883 0.2109 

J > O  
J > O  
J < O  
J < P  
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Class ( f )  

I n i t i a l  Conditions:  

F i n a l  Conditions:  

Note: This  class i s  a l s o  represented by the  condi t ions  

Fi = 0 ;  Ei < 0; Ei = 0 ;  Fi > 0.  

E f  = 0;  Ff > 0 ;  F = 0 ;  E f  > 0. f 

El = 0 ;  F! > 0 ;  F; = 0 ;  E; > 0. 
1 

Fi = 0 ;  E' > 0 ;  E' - - 0 ;  ;; < 0. f f 

To o b t a i n  t h i s  r e p r e s e n t a t i o n  take F; = F f ;  E '  = - Ei. f 6- 

y = -9111; Figures 2 and 3, Curve B. 

+* These va lues  are due t o  G. Shearing (2), unpublished. 

Ei Ff 
T 

-2.6450 
-2.6550 
-2.662 
-2.6450 
-2.609 
-2.5450 
-2.4450 
-2.157 
-1.738 
-1.183 
-0.492 
0.331 
1.281 
2.350 
3.529 
4.809 
6.182 
7.640 
9.179 

10.795 
12.486 
14.250 

-2.507181 
-2.494739 
-2.469 
-2.426279 
-2.394 
-2.353376 . 
-2.307158 
-2.210 
-2.101 
-1.986 
-1.868 
-1.749 
-1.635 
-1.527 
-1.426 
-1.335 
-1.251 
-1.176 
-1.107 
-1.047 
-0.992 
-0.943 

1.899900 
1.891087 
1.873 
1.839177 
1.818 
1.792265 
1.761636 
1.704 
1.642 
1.580 
1.513 
1.446 
1.373 
1.306 
1.240 
1.177 
1.118 
1.063 
1.012 
0.964 
0.921 
0.880 

X 

0.5646 
0.5622 

0.5501 

0.5388 
0.5322 

.)HC 

*si 

** 
*+ 
*3[ 

*ii 

*i 
* .\, 
* + 
* -j, 
* h 
*3 
* -x 
*-x 
** 
** 
** 
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y = +9/11;  F i g u r e s  2 and 3 ,  Curve D. 

T 

16.313 
15.242 
14.241 
13.304 
12.427 
11.602 
10.817 
10.084 

9.548 
9.242 
9.039 
8.738 
8.487 
8.254 
8.036 
7.7310 
7,3369 
6.5609 
5.7609 
4.5609 
2.9609 
1,7609 
d .  1609 

- 0 , 6 3 9 1  
-1.2391 
-2.0191 
-2.8038 
-3.6038 
-4.0038 
-4.4038 
-4.8038 
-5.2038 
-5 e 4038 
-5.4238 
-5 4894 
-5.4633 

*f 

-0.460 
-0.499 
-0.547 
-0.602 
-0.673 
-0.766 
-0.892 
- 1.07.5 
- 1.285 
-1.450 
-1.575 
-1.761 
-1.900 
-2.009 
-2.100 
-2.209303 
-2.333973 
-2.541802 
-2.726114 
-2.972808 
-3.276489 
-3.499625 
-3.807446 
- 3.97 1542 
-4.102668 
-4.285888 
-4.491600 
-4.732010 
-4.866402 
-5.014286 
-5.175760 
-5.365862 
-5 e 49227 7 
-5.509202 
-5.593827 
- 5 e 6 77202 

0.452 
0.491 
0.534 
0.588 
0.653 
0.738 
0.854 
1.015 
1.190 
1.316 
1.400 
1.513 
1.584 
1.634 
1.670 
1.710388 
1.749479 
1.802673 
1.838412 
1,868632 
1.878442 
1.869424 
1.837262 
1.809918 
1 e 785 905 
1.748753 
1.706075 
1.66436 1 
1,650077 
1.646397 
1.662969 
1.716096 
1.776599 
1.786455 
1 a 844118 
1.914936 

X 

.It+ 

*w 
H 
** 
*-?+ 

** 
** 
Srsc 

** 
** 
** 
+* 
-x* 
** 
:* 

i) .6661 
P .  6369 
2.5979 
?. 5726 
0.5507 
c .5394 
fi. 5401 
2.5518 
C .5620 
? .5722 
c .5881 
9.6080 
5.6314 
3.6432 
9 ,6548  
0.6641 
2.6711 
1.6732 * 

I! .6734 

0.6738 
c) i6737 
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Class (p) 

= 0 ;  E = 0 ;  Fi > 0. I n i t i a l  Conditions:  

F i n a l  Conditions:  E = 0 ;  F = 0 ;  E f  > 0. 

Note: This  c l a s s  i s  a l so  represented  by the  condi t ions  

Fi i 

f f 

E!  = 0 ;  F i  = 0 ;  E!  > 0. 
1. 1 

Fk = 0 ;  E; = 0 ;  F' < 0. 
f 

To o b t a i n  t h i s  r e p r e s e n t a t i o n  take 

y = -0.59; Figure 4 ,  Curve. p. 

T 

9.2963 
9.3461 
9.5351 
9.8960 

10.0322 
10.2000 
10.4000 
10.6000 
11.0000 
11.4000 
11.8000 
11,9000 
11.9575 
12.0411 
11.8388 
11.6176 
11.3242 
11.1868 
10.5172 

9.9795 
9.3461 

Ei 

0.460000 
0.500000 
0.600000 
0.800000 
0 a 900000 
1.060922 
1.204046 
1.274974 
1.345450 
1.36 9903 
1 345 141 
1.321918 
1.300000 
1.200000 
1.000000 

G .900000 
0.800000 
0.760000 
0.600000 
0 e 500000 
rJ 42 9743 

Ff 

1.982249 
1.975841 
1.961724 
1.939736 
1.932307 
1.924813 
1.91788Lc 
1.909560 
1.888498 
1.861224 
1.825371 
1.814663 
1.808252 
1.801110 
1.835762 
1.862266 
1.890090 
1.901266 
1.9445 97 
1.969796 
1.986886 

X 

1.7845 
1.8261 
1.8945 
1.9844 
2.Olf3 
2.0153 
1.9581 
1.8974 
1.7879 
1.6810 
1.5625 
1.5279 
1.5057 
1.4557 
1.4347 
1.. 4387 
1.4516 
1.4596 
1.5136 
1.5771 
1 . 7 1 7 1  
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Class (6) 

I n i t i a l  Condi t ions:  

F i n a l  Condi t ions:  

Note: To o b t a i n  the  remainder of t he  c l a s s  take  the m i r r o r  images, 

E i  = 0;  Fi = 0;  E .  > 0. 

Ef  = 0; Ff = 0; E < 0. 

1 

€ 

T 

13.9764 
13.9519 
13.9279 
13.8849 
13.8525 
13.8130 
13.7657 
13.7114 
13.6507 
13.5849 
13.5143 
13.4400 
13.3624 
13.2838 
13.1982 
13.1482 
13.0982 
13.0382 
12.7600 
12.5257 
12.2413 
12.0032 
11.7654 
11.4705 
11.2930 
11.1182 
10.9487 
10.7895 
10.6478 
10.5376 

i. e.. the  va lues  

F; = - Ff ;  F' = - Fi ., f 

y = -0.40245; Figure 9 ,  Curve G. 

Fi Ff 

-0.526881 
-0.472471 
-0.449193 
-0.421283 
-0.404716 
-0.387436 
-0.369430 
-0.351314 
-0.333276 
-0.315709 
-0.298567 
-0.282021 
-0.266090 
-0.251043 
-0.235745 
-0.227288 
-0.219051 
-0.209600 
-0.169920 
-0.140828 
-0.109812 
-0.087090 
-0.067284 
-0.047 140 
-0.037872 
-0.031521 
-0.029107 
-0.032225 
-0.043715 
-0.069520 

0.535131 
0.559874 
0.583473 
0.607510 
0.622339 
0.637043 
0.652104 
0.666095 
0.678862 
0.689799 
0.699028 
0.705851 
0.710516 
0.713092 
0.7 1.3506 
0.711578 
0.711589 
0.707990 
0.684400 
0.655276 
0.611358 
0.569414 
0.523900 
0.462337 
0.421765 
0.378791 
0.331933 
0.282156 
0.227585 
0.166590 

X 

2.5411 
2.5649 
2.5674 
2.5749 
2.5797 
2.5859 
2.5931 
2.6018 
2.6119 
2.6232 
2.6357 
2.6495 
2.6643 
2.6797 
2.6967 
2.7074 
2.7169 
2.7298 
2.7885 
2.8377 
2.8971 
2.9461 
2.9946 
3.0548 
3.0917 
3.1287 
3.1660 
3.2025 
3.2370 
3.2657 
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Class (a) 

Initial Conditions: E = 0 ;  Fi= 0 ;  Ei > 0. 

< 0 .  Final Conditions: 

Note: To obtain the remainder of the class take the mirror images, i.e. the 

i 

E f  = 0 ;  Ff= 0 ;  E f 
I 

values 
Fi = - F f ;  F; = -Fit 

+ = 0.630199; Figure 5 ,  Curve C. 

T 

-0.2543 
-0.1474 
-0.0625 

0.1332 
0.3260 
0.4856 
0.8537 
1 2408 
1.7752 
2.4262 
3.0416 
3.5649 
4.1684 
4.6588 
4.9283 
4.9783 
4.9583 
4.9383 
4.8841 
4.6672 
4.2110 
3.7725 
3.3839 
3.1788 
2.8810 
2.6773 

9.3154 
9.3654 
9.4473 
9.5017 
9.5392 
9.4656 

Fi 

1.198858 
1.205398 
1.213483 
1.229633 
1.22 8135 
1.226590 
1.217522 
1.198534 
1.166431 
1.108485 
1.043216 
0.976629 
0.884006 
0.779136 
0.687550 
0.653526 
0.597939 
0.590097 
0.571555 
0.530166 
0.494560 
0.479436 
0.47 35 7 1 
0.472891 
0.478773 
0.482944 

Ff 

-2.237951 
-2.232958 
- 2.2 3442 3 
-2.232417 
-2.233527 
- 2.236215 
-2.242689 
-2.247692 
- 2.25 7065 
-2.263790 
-2.2697 84 
-2.273091 
-2.278657 
-2.278012 
-2.279063 
-2.278331 
-2.285583 
-2.285532 
-2.286078 
-2.297245 
-2.305207 
-2.314343 
-2.325197 
- 2.328132 
-2.332380 
-2.342306 

i, F 0.81286;  Figwe 5 ,  Curve D. 

1.100000 
0.974253 
0.8485 05 
0.772912 
0.703764 
0.6 127 85 

- 1.4546 15 
- 1 a 56 1145 
- 1 658802 
-1.716456 
-1.771176 
-1.870668 

X 

1.3840 
1.3789 
1.3731 
1.3607 
1.3581 
1.3559 
1.3535 
1.3559 
1.3615 
1.3782 
1.3977 
1.4180 
1.4444 
1.4726 
1.4932 
1.4998 
1.5107 
1.5125 
1.5164 
1.5253 
1.5405 
1.5564 
1.5720 
1.5808 
1.5963 
1.6062 

1.8458 
1.8426 
1.8391 
1.8349 
1,8270 
1.7928 
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y = 0.8172; Figure 5 ,  Curve D. 

T 

9.5284 
9.5216 
9.5020 
9.4802 
8.9262 
8.1661 
7.2142 
6.4838 
5.5995 
4.6398 
4.0747 
3.4589 
3.4142 
3.3858 
3.3436 
3.3034 
3.2605 
3.1790 
3.1490 
3.1190 
3.0890 
3.0590 
3.0252 
3.0092 

12.8316 
11.911 
10.8116 
10.316 
10.178 
10.071 

9.9860 
9.8843 
9.6977 
9.5877 
9.4634 
9.0634 
8.8634 
8.0634 
7.0639 
5.2639 
4.4639 

X F i  Ff 

0.685022 
0.670142 
0.651952 
0.642 9 1  1 
0 e 682953 
0.869246 
1,100000 
1.248111 
1.398920 
1.545740 
1.633377 
1.743602 
1.752035 
1.760052 
1.772975 
1.785107 
1.801408 
1.834270 
1.846269 
1.858269 
1.870268 
1.882268 
1.887780 
1.873644 

-1.796535 
- 1.81 1267 
-1.833297 
- 1.847640 
-1.971430 
-2.036 118 
-2.076066 
-2.088150 
-2.086873 
-2.066138 
-2.039764 
- 1.985500 
-1.980728 
-1.976228 
-1.968278 
-1.959996 
- 1.948052 
-1.920858 
-1.910058 
- 1.899011 
-1.887859 
- 1.876189 
-1.870675 
- 1.884488 

1.8251 
1.8203 
1.8123 
1.8059 
1.7J44 
1.6017 
1.4508 
1.3489 
1.2515 
1.1712 
1.1330 
1.0976 
1.0956 
1.0938 
1.0910 
1.0887 
1.0860 
1.0818 
1.0807 
1.0799 
1.0793 
1.0790 
1.0789 
1.0788 

y = +9/11; Figure 5 ,  Curve D. 

;;* These values  are due t o  G. Shearing ( 2 ) ,  unpublished. 

-0.982968 
-0.768 
-0.503955 
-0.356 
-0.305 
-0.260 
-0.211202 

0.014507 
0.107176 
0.137872 
0.163567 
0.210409 
0.221359 
0.2 34541 
0.233863 
0.231625 
0.232667 

- 1.206407 
-1.261 
-1.316638 
- 1,389 
- 1.425 
-1.465 
- 1.516090 
-1.793023 
-1.880600 
- 1.908034 
-1.934719 
- 1.996508 
- 2.019785 
-2.095893 
-2.159491 
-2.236989 
-2.261660 

1.0374 

1.3916 
* .+ 

* 7,- 
* -Y 
* 4 

1.6614 
1.7764 
1.7674 
1.7583 
1.7474 
1.7137 
1.6985 
1.6501 
1.6139 
1.5944 
1.6008 
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y = 0.93; Figure 5, Curve G. 

T 

12.2032 
12.0505 
11.9590 
11.1645 
10.5696 
10.2673 
10.1652 
10.0558 
10.0014 
9.8335 
9.7548 
9.6220 
9.4763 
9.4034 
9.2942 

T 

3.0109 
3.7308 
4.6903 
5.6503 
6.6103 
7.5703 
8.5295 
9.4900 
9.9200 

10.6100 
10.6520 
10.4470 
10.185 3' 

9.9359 
9.7881, 
9.8789 

10.0200' 
10.426 I 

Fi Ff 

-0.857610 
-0.798859 
-0.767233 
-0.496969 
-0.249175 
-0.119823 
-0.084483 
-0.052932 
-0.039471 
-0.005561 

0.006970 
0.024677 
0.040033 
0.046433 
0.054890 

-1-0 1607 1 
- 1.037212 
-1.045792 
-1.100770 
-1.251698 
- 1.434482 
- 1.497 868 
-1.558567 
-1.585843 
- 1.657842 
-1.686566 
-1.729425 
- 1 76 9262 
-1.788335 
-1.813548 

F = 0.0 ( e j ec t ion ) ;  F igure  1, Curve C. 

Y 

-0.998423 
- 0.895403 
-0.752500 
-0.603080 
-0.445485 
-0.277977 
-0.09740': 

0.100000 
0.200000 
0.400000 
0.500000 
0.600000 
0.700000 
0.800000 
0.900000 
0.960000 
0.980000 
0.998000 

Ff 

-2.290942 
-2.266930 
-2.241069 
-2.208723 
-2.171838 
-2.133872 
-2.089977 
-2.033354 
-2.005400 
-1.942935 
- 1.91 1453 
-1.879996 
-1.841121 
-1.789348 
-1.708553 
-1.612897 
- 1.545998 
- 1.35 8174 

X 

1.4843 
1.5278 
1.5555 
1.8702 
2.1628 
2.1882 
2.1696 
2.1445 
2.1.313 
2.0920 
2.0745 
2.0470 
2.0194 
2.0064 
1.9884 

X 

0.8808 
0.9041 
0.9395 
0.9812 
1.0314 
1.0942 
1.1765 
1.2938 
1.3662 
1.5442 
1.6046 
1.6297 
1.6689 
1.7514 
1.9538 
2.3235 
2.6788 
4.3344 
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F = 0.4; F igu re  1, Curve B. 

T 

1.3207 
2.2207 
2 8207 
3.4207 
4.0207 
4.6204 
5.2204 
5.8204 
6.4204 
7.0204 
7 e 6204 
8.2100 
8.8196 
9.4196 
9.8196 
9.9196 
9.9771 
9.9921 
9.9945 
9.9567 
9.9067 
9.7767 

5.1155 
6.0154 
7.0154 
8.0154 
9.0154 
9.3154 
9.5154 
9.5434 
9.5674 
9.5730 
9.5133 
9.4138 
9.2138 
8.8138 
8.0142 
7.0142 
6.0243 
5.0244 
4.0244 
3.0244 
2.5662 

-0.961267 
-0.891189 
-0.837714 
-0.778631 
-0.713870 
-0.642881 
-0.565000 
-0.479601 
-0.385658 
-0.281718 
-0.165722 
-0.034233 
O,Il9183 
8,310535 
0L489388 
0,555991 
0,614458 
0.643801 
0.667 903 
0.3178f5 
0,739267 
Q, 764976 

-2.268597 
-2.264207 
- 2.2 5 7 7 1:. 
-2.249771 
-2.242632 
-2.224948 
-2.211452 
-2.192095 
-2.169883 
-2.142075 
-2.112189 
-2.07 3859 
-2.027520 
-1.966661 
- 1.908368 
- 1.888443 
-1.873535. 
-1.868223 
- 1.865554 
- 1.868341 
-1.876710 
- 1.901833 

F = 1.1; Figure 1, Curve A. 

0.0rJ00~?0 
0.169427 
0.363733 
0.560695 
0.754787 
0.812860 
0.855546 
0.863300 
0.872343 
0.879598 
0.888155 
0.890214 
0.887892 
0.877280 
0.849129 
0.809007 
0.766818 
0.723883 
0.682582 
0.645542 
0.631454 

-1.846254 
-1.779875 
- I. 6 96 574 
- I. 593621 
- 1.486356 
-1.454616 
- 1.450125 
- 1.456 104 
- 1.46?42O 
- 1.489789 
- 1.5 56001 
-1.617957 
- 1.708497 
-1.832627 
-1.983305 
-2.092332 
-2.162782 
-2.208636 
-2.237100 
-2.261210 
-2.264146 

X 

1.0882 
1.0865 
1.0883 
1.0926 
1.0994 
1.1090 
1.1218 
1.1382 
1.1590 
1.1856 
1.2197 
1.2649 
1.3278 
1.4255 
1.5421 
1.5931 
1.6412 
1.666.3 
1.6871 
1.728s 
1.7431 
1.7520 

1.1689 
1.2265 
1.3197 
1.4654 
1.7229 
1.8458 
1.9499 
1.9665 
1.9813 
1.9851 
1.9510 
1.8990 
1.8117 
1.6849 
1.5345 
1.4361 
1.3859 
1.3633 
1.3600 
1.3708 
1.3795 



T 
: I ,  L901r 
7 6375 
6 9804 
6 6166 
6 2229 
5 3895. 
4 ,  E422 
3 3838 
2 7283 
2,2108 
1 7361 
2 ~ 3 2 7 8  
2 '8329 
4 4679 
6 5895 
7 6550 
7 L 2995 

y =: 0; Figure 6 ,  Crrrve 1. 

Ef 
6 , 2 1 8 9 3 4  
6 I37884 
5 F 789594 
5 2 744591 
5 7 6 3 6 4  
5 626334 
5 509205 
5 422646 
5 "3.23686 
5.205328 
4,941247 
kG635206  
4 SCr7GI2 

3 c 348746 
2 984999 
'2 699071 

3 ~ 6 ~ 2 3 3  

X 

1,2311 
E 0 2352 
1'2189 
L2117 
1 2053 
1 14.57 
1 E900 
E 191-1 
1 9  1945 
1 1987 
1 2018 
1 2004 
P I337 
1 L 1905 
EC21IZ 
L"Z357 
k .a261 

1 2 5 3 3  
f < 2722 
9 . 0  28C9 
1 28OC 
1. 2766 
r. 2709 
1 262.5 
I L L  2279 
]I 2213 
E 1151 
1 €123 
1 I2838 
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Ef E, 
P 

I 

x 

2.2396 
2.4220 
3.0267 
4 2230 
5.6067 
6.0650 
6 2987 
6.2389 
6.2223 
6.2047 
6,1461 
6.0350 
6.0309 
5,9184 
5 $460 
5.0249 
4 1922 
3.3228 
2.4700 
B -6746 
0.9707 
0 .%913 
-0.0224 
-0 2046 

- P c 800080 
= 2 0 cu60800 
-2 n 283600 
-=2.400000 
-2.608000 
-2 e 700000 
-2 808000 
= 3 " &00800 
-3 0 0 10606 
-3 020000 
-3 0 050000 
-3 0 050000 
-3 0 BO0000 
-3 108000 
-3 a 200000 
-3.400000 
-3 "600000 
= 3 " 806000 
-4 0 d)o0000 
-4 0 200000 
-4.480000 
-4 0400000 
-4 e 800000 
-5 000008 

5 . 4 7  19 7 1  
5 506731 
5 ~ 582736 
5.698971 
5 a 806 80% 
is 853 539 
5 883 134 
5 883 764 
5 a 882664 
5 0 88046 2 
5 -8'194843 
6.602968 
5 864022 
6.632242 
5.838801 
5 782592 
5 724087 
5 .ti63149 
5 .5972%B 
5 .W3654 
5 A38039 
5 335028 
5 20634% 
5.037020 

y = O o 1 2 ;  Figure 6 Curve M, 

a .3999 
7 -3865 
a .OS04 
6 .a597 
5 ., 3940 
3.9553 
3.1750 
2 9466 
3.0880 
3.4812 
4 . o s 9  
4 7694 
5 0 1700 
6 .0408 
a .0%55 
8.0109 
8.9530 
9 0 1933 
9.3178 
9.3600 
9.4030 
9.4488 
9 e 5000 

-2  8OQOOO 
-2 0 700000 
-2 D 6 50000 
-2.606800 
-2.400000 
'-2 0 280080 - 2 0 000000 - 1 0 800008 
-1.600000 - 1.400600 - P 0 200000 - 1 0 000000 
-0 0 900000 
-0 Y 708000 
-0.480080 
-0 288000 
-0 096 000 
-0.048000 
-0.024008 
-Ca.0%6000 
-8 .808000 
8 0 000000 
0.008475 

2.851901 
2.699355 
3 844587 
3 E26 193 

3 856 758 
4.067730 
4 155876 
4 149906 
4.077415 
3.962631 
3.819245 
3.739651 
3.563682 
3.360621 
3 a 162184 
2.930121 
2 857031 
2 8 14 14 2 
2 0 79 7344 
2.780304 
2 759620 

3 312190 

2 + 733884 

1,2015 
3L 3 1954 
Y 0 1951 
P 0 2087 
1 2338 
B 2425 
1 0 2459 
E 2404 
10 2400 
1 ., 2393 
1.2375 
1 0 2450 
1 2345 
1 0 2433 
1 D 2280 
1.2157 
1 2063 
1 0 2009 
1 I989 
1,1997 
E o  20241 
]I 2051 
1 ., 2076 
l o  2089 

1 2076 
10 215% 
1 " 2001 
P 1952 
10 1753 
1 1338 
To 1832 
P e 1923 
1 1964 
1 0  1937 
10 1847 
1 1718 
1 a '8650 
1 1532 
1.1478 
1 e 1548 
E e 1808 
B 0 1924 
B ., 1996' 
P 2024 
1 2053 
f 0 2887' 
1 2128 
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T 

9.5660 
9 5988 
9 5525 
9 G512 
8 7462 
7 0000 
6 7277 
6 44C3 
6 1916 
5 8191 
5 6225 
5 >%55 

if+ 3000 
12 760@ 
11 0 1000 
10 c 3800 
9 Y 9000 
9 Y 7080 
9 6866 
9 5000 
9 Y bS30 
9 5106 
9.7933 

EO E280 
EO 3087 
PO 2875 
10 ' 1332 
9 8986 
9 6092 
9 "  2788 
8 "7591 
7.3021 
5 4875 
4,4350 
4,2800 
4 1373 

y = 0.12; Figure 6 ,  Cu-rve U, 
Figure 7 ,  Gurvc C .  

- 1  u.392107 
-1 305757 
-1 Y 145414 
1 116336 
-1 06C986 
- P 0 C d 3 3 3 2  
-0  0 998807 
= G  964994 
-8 934840 
-0,851364 
-0,777255 
-OU7P8Q&6 
-0,577854 
-0,653942 
0 II 643 149 

- 0  643004 
-8  650603 
-6, 663607 
-8 682494 
- 0  376222 
-0 464106 
-L"P94724 
- 1  350747 
-1 _e27870 

x 

E 2183 
I a259 
1 2260 
1 2075 
P > 1953 
1 1554 
P I569 
1 1567 
1 .Y5&0 
1 1637 
P " 1699 
1 1717 

i l07& 
1 1221 
E 1488 
1 1553 
1 1668 
1,1756 
E. 18.20 
1 < 1960 
f .2015 
1,2357 
1 ,2770 
P 1  3145 
E 3273 
1 3124 
P .2850 
1 - 2 5 5 2  
E 2256 
P c 2807 
P 1688 
1 ' 1127 
1 0822 
1 8841 
l 0878 
P 0 (3892 
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T 
8 5085 
3 5600 
8 5614 
8 5694 
8 6059 
8 6240 
8 6291 
8 6331 
8 .6360  
? 6531. 
i "6516 
8.5217 
801174 
7 a 9450 
7 8070 
7 3040 
7 I 6G22 
7 4 5009 
7 4262 
7 r 3 7 m  
a ,3752 
7 3870 
7 3982 
7 4204 
7 , 4 4 1 4  
7 , 4 0 4 ,  
7 4858 
7 5014 
7 0 5111 
7 5156 

y =: 0.664928; 

-1 "435203 
= 1 363739 

1 j L h 3 2 3  
-1  LO7676 
-1 075760 
-1  015s03 
-1,825203 
- k 51 5203 
-1 r c0454c 
0 959896 

- 0  9k7887 
r, 942244 

- I  079353 
- 1  P55GGiT 
L 1 227486 
-1 296C54 
-1 ,362965 
- 1 0 L54143 
I c 549150 

-1 744775 
-1 794775 
-1,844775 
L .876979 

- 1  933978 
i .98iC94 
2 03 ~G94 
2 081094 

-2  131C9b 
= 2  181094 
-2 200698 

Figure 6 ,  Curve m. 

E€ 
I 435164 
1 ' 465832 
1 5n!+lc?!* 
I 635203 
1 Y 1336000 
1 858883 
1 873969 
1 890477 
i 9OC~OOO 
2 i) 808GQO 
2 0135703 
2 2 ? 5263 
2 r 435283 
2 I 496292 
2 527287 
2 550713 
2 569325 
2 c 5813 38 
2 581694 
2 ,54108  4 

2 c 521817 
2 498852 
2 481694 
Z 449013 
: 418251 
i 351695 
2 34c479 
2.246125 
2 253458 
2 231094 

X 

1 r 5 7 9 4  
I 5818 
1.380O 
1. 5672 
1 n 5420 
1 5316 
5- 0 5290 
9, 5259 
1 5242 
1 5G57 
1 (+49i 
1 4514 
1 I 4239 
I 4120 
1 4028 
1. 3936 
1 3838 
1 3711 
1 3575 
1 ,3304 
1 3242 
1 3186 
1 3151 
I 3181 
1 3064 
E 3034 
I 3ClI  
1 0  2992 
1 2982 
1 2987 
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y = 0.90 ;  Figure 7 ,  Curve B. 

T 

12.6651 
11.8651 
11.0651 
10.9260 
10.6851 
10.5260 
10.2271 
10.1260 

9.8271 
9.7260 
9.4271 
9.3260 
9.0271 
8.9260 
8.5260 
7.8271 
7.4271 
7.0271 
6.6271 
6.1283 
5.4296 
5.0300 
4.2312 
3.4321 
2.6321 
1.8321 
1.4321 
0.6321 

-0.1679 
-0.5679 
-0.9679 
-1.3679 
-1.7679 

T 

4.7134 
5.7470 
6.9160 
8 e 0045 

Ei Ef 

-1.063722 
-1.126858 
-1.226252 
-1.257893 
- 1.333829 
-1.403931 
-1.579706 
- 1.644840 
-1.824019 
-1.877760 
-2.018918 
- 2.06 1620 
-2.176877 
-2.212732 
-2.343195 
-2.540325 
-2.641436 
-2.736668 
-2.827397 
-2.935767 
-3.081329 
-3.162400 
-3.321993 
-3.481125 
-3.643197 
-3.811608 
-3.899522 
-4.086330 
-4.294916 
-4.411633 
-4.541022 
-4.6 9047 8 
-4.880737 

-0.938363 
-0.789508 
-0.621978 
-0.587648 
- 0.524094 
- 0.480583 
-0.405808 
-0.385742 
-0.343221 
-0.333016 
-0.311357 
-0.305983 
-0.293845 
-0.290678 
-0.281658 
-0.274153 
-0.272740 
-0.272701 
-0.273756 
-0.276555 
-0.282402 
-0.286952 
-0.298363 
-0.313283 
-0.332578 
-0.358016 
-0.373927 
-0.4147 16 
-0.474997 
-0.516691 
- 0.5 7 1 7  88 
-0.647886 
-0.766.572 

E = 0.0 ( e j ec t ion ) ;  Figure 1, Curve D. 

Y Ef  

-0 .980000 
-0  .780000 
- 0  .5QOOOO 
- 0  e 300000 

3 0146 95 
2.726271 
2.572900 
2.484056 

X 

1.7594 
1.8340 
1.9204 
1.9321 
1.9408 
1.9320 
1.8707 
1.8403 
1.7490 
1.7211 
1.6488 
1.6275 
1.5720 
1.5553 
1.4974 
1.4184 
1.3819 
1.3499 
1.3215 
1.2902 
1.2526 
1.2335 
1.1998 
1.1708 
1.1454 
1.1226 
1.1120 
1,0914 
1.0704 
1.0593 
1.0473 
1.0341 
1.0193 

X 

1.5058 
1.1444 
1.1073 
1.1304 



T Y 
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Ef X 

9.0333 
9.3934 
9.5433 
9.5780 
9.5777 
9.4000 
9.2000 
8.9516 
8.1025 
6.8726 
6.1010 
5.9000 
5.8500 
5.8010 
5.8097 
5.8747 
5.9729 
6.0900 
6.3587 
6.9713 
7.9777 
8.6677 
9.9733 

10.2330 
10.2800 
10.3400 
10.4480 
10.5200 

-0.050000 
0 050000 
0.100000 
0.120000 
0.124352 
0.113687 
0.082986 
0.040000 

-0.120000 
-8.360000 
- 0.480000 
- 0,486756 
-0.482016 
-0.454000 
- 8,440000 
-Q,  400000 
-0.360000 
-0.320000 
-0,240000 
-0.080000 

0,160000 
0.320000 
0,640000 
0,720000 
0,735000 
0.754223 
0,801742 
0,854592 

2.454016 
2.48422 7 
2.532928 
2.585546 
2,607312 
2.7 94483 
2.914247 
3.039766 
3.410892 
3.9720.52 
4 e 5 30340 
4.780068 
4.87 1404 
5.081769 
5 e 145236 
5.281857 
5.382432 
5.463298 
5.590714 
5.772051 
5.952280 
6.526296 

.6.384434 

.6.273174 

.6.282122 
6.319649 
6 275482 

-6.283663 

1.1873 
1.2146 
1.2257 
1.2263 
1.2253 
1.2040 
1.1881 
1.1737 
1.1563 
1.2024 
1 2436 
1.2302 
1.2213 
1.1982 
1.1914 
1.1792 
1.1733 
1.1714 
1.1751 
1.2035 
1,2889 
1 e 3800 
1.7252 
1 8865 
1.9221 
1.9707 
2.1161 
2.3259 
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Class (a-6)  

= 0 ;  Pi = 0; E. > 0 .  Ei 1 
Initial Conditions : 

Final Conditions: Ef = 0 ;  Ff = 0; E > 0 (a-symmetry); f 

Ef = 0 ;  Ff = 0 ;  E < 0 (&-symmetry), f 

Note: To obtain the remainder of the class take the mirror images, 

i.e. the values 

Fi = F f ;  F; = Fi (a-symmetry) ; 

F' = -F f ;  F; = -Fi (6-syrmnetry). 
i 

y = -0.709554 (6-symnetsy); Figure 8 ,  Curve S. 

X Fi Ff 
T 

10.5687 
10.5061 
10.4515 
10.3627 
10.2627 
10.0627 

9.5634 
9.0962 
8.5518 
8.1057 
7.8931 
7.6760 
7.5532 
7.3285 
7.2588 
7.1893 
7.1736 
7.1489 
7.1349 
7.1288 
7.1218 
7.1158 
7.0912 
7.0743 

-1.015411 
- 1.009873 
-1.005338 
-0.999615 
-0.983760 
-0.949578 
-0.864226 
-0.784583 
-0.683320 
-0.577810 
-0.518200 
- 0.4486 6 9 
-0.403563 
-0.303030 
-0.263030 
-0.211362 
-0.198116 
-0.172686 
-0.151677 
-0.140998 
-0.130006 
-0.120731 
-0.098140 
- 0.096512 

0.997742 
0.976199 
0.956381 
0.920149 
0.891637 
0.836697 
0 690083 
0.531643 
0.325575 
0.189289 
0.138729 
0.096033 
0,077262 
0.055748 
0.055278 
0.065 929 
0.069233 
0.078875 
0 091086 
0.097702 
0.103659 
0.108445 
0.111898 
0.100119 

2.0200 
2.0249 
2.0299 
2.0399 
2.0499 
2.0714 
2 1404 
2.2292 
2 a 3597 
2.4592 
2.5034 
2 5489 
2.5757 
2.6296 
2,6489 
2.6690 
2.6740 
2.6820 
2.6866 
2 6886 
2.6911 
2.6932 
2.7020 
2.7083 
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T 

13.3393 
13.2044 
13.1176 
13.0218 
12.8120 
12.5520 
12.1040 
11.0705 
10.1440 
9.1247 
8.1941 
7.1972 
6 e 2078 
5.6253 
5.9578 
4.5202 
4.2020 
4.0673 
3.9599 
3.8929 

13.1541 
13.1421 
13.1302 
13.1242 
13.1042 
13.0586 
13.0338 
12.9903 
12.9518 
12.9221 
12.9027 
12.8956 
12.8928 
12.8934 
12.8944 

y = -0.689294 (Ct,&synmetries); F igu re  8 ,  Curve B. 

* These o r b i t s  have t h e  &symmetry. 

x Fi Ff 

- 1.144866 
-0.992640 
-0.932864 
-0.877531 
-0.777013 
-0.674179 
-0.527095 
-0.262351 
-0.071756 

0.104260 
0.270458 
0.435419 
0.602989 
0.708044 
0.820380 
0.945952 
1.042163 
1.096018 
1.156582 
1.236986 

1,258549 
1.380179 
1.42047 1 
1.455232 
1.511124 
1.561245 
1.622150 
1.702975 
1.739257 
1.750015 
1.739746 
1.710398 
1.660566 
1.619940 
1.563586 
1.489123 
1.420886 
1.378919 
1.327 781  
1.253377 

1.7732 * . 
1.7845 * 
1.7913 * 
1.7984 * 
1.8130 * 
1.8294 * 
1.8534 

-1.8885 
1.8996 
1.8974 
1.8864 
1.8697 
1.8505 
1.8385 
1.8267 
1.8155 
1.8089 
1.8061 
1.8039 
1.8028 

y = -0.545909 ( a ,&synmet r i e s ) ;  F igu res  8 and 9 ,  Curve P. 

* These o r b i t s  have t h e  6-synunetry. 

- 1.226468 
-1.186604 
-1.146771 
-1.126771 
-1.077385 
-0.986821 
-0.942908 
-0.869885 
-0.804530 
-0.749924 
-0.704801 
-0.680489 
-0.641489 
-0.640493 
-0.631348 

1.219245 
1.259490 
1.292707 
1.307234 
1.339661 
1.387106 
1.405792 
1.432362 
I. 451827 
1.465664 
1.475292 
1.479484 
1.4845 83 
1.484584 
1.485526 

1.8540 * 
1.8580 * 
1.8654 * 
1.8703 * 
1.8864 * 
1.9271 * 
1.9515 * 
1.9980 * 
2.0445 * 
2.0856 * 
2.1187 * 
2.1353 * 
2.1572 * 
2.1575 * 
2.1616 * 



-48- 

I .  T 

12.8968 
12.9037 
12.9090 
12.9209 
12.9275 
12  0 9399 
1 2  9416 
12.9632 
12.9579 
12.9480 
12 e 9364 
12  9089 
12.7759 
12  0 0000 
11.1136 
10.0226 
9.0665 
8.1170 
7.0234 
6.1089 
5.2592 
5.0208 
4.9203 
4.8380 
4.7410 
4.6994 
4.6843 

12.6441 
12.6322 
12.6427 
12.6598 
12.6707 
12.6761 
12.6715 
12.6515 
12.6313 
12.6090 
12.5196 
12.4479 
12.2218 
11.9208 
11.5646 
11.0937 
10.2949 

Fi Ff 

-0.621348 
-0.602344 
-0.591475 
-0.571475 
-0.560869 
-0.542583 
-0.540160 
-0.453738 
-0.441583 
-0.426365 
-0.413352 
-0.390334 
-0.322355 
-0.126940 

0.020110 
0.175354 
0.306546 
0.440490 
0.606733 
0.765279 
0.953912 
1.027980 
1.067464 
1.108000 
1.188852 
1.227786 
1.226078 

1.486188 
1.487342 
1.487 949 
1.489097 
1.489895 
1.491536 
1.491787 
1.512620 
1.517388 
1.523160 
1.528551 
1.539186 
1.571951 
1.663449 
1.711224 
1.734588 
1.732106 
1.710000 
1.6.53668 
1.577660 
1.456 968 
1.399724 
1.367219 
1.332327 
1.258154 
1.223642 
1.227146 

,0.541909 (&symmetry); F igure  9 ,  Curve R. 

-1.328566 
-0.917286 
- 0 814040 
-0.719644 
-0.671727 
-0.627689 
-0.598737 
-0.550943 
-0.509312 
-0.459056 
-0.362922 
-0.324802 
-0.246823 
-0.175196 
-6.108134 
-0.033526 
-0.074784 

1.302708 
1.520881 
1.540175 
1.549052 
1.550130 
1.552055 
1.556572 
1.569658 
1 580651 
1.581382 
1.537900 
1.509771 
1.441627 
1.369275 
1.295038 
1.20486 1 
1.058640 

X 

2.1653 * 
2.1706 * 
2.1726 * 
2.1739 * 
2.1738 * 
2.1716 * 
2.1711 * 
2.1450 * 
2.1405 * 
2.1348 * 
2.1299 * 
2.1214 * 
2.0973 
2.0395 
2.0042 
1.9709 
1.9448 
1.9200 
1.8930 
1.8721 
1.8546 
1.8502 
1.8484 
1.8469 
1.8454 
1.8467 
1.8474 

1.9212 
2.1358 
2.2122 
2.2705 
2.2945 
2.3198 
2.3450 
2.4046 
2.4666 
2.5270 
2.5616 
2.5591 
2.5474 
2.5373 
2.5319 
2.5317 
2.5439 



-49- 

T 

9.2855 
8.7095 
8.2420 
7.9205 
7.7133 
7.5535 
7.4576 
7.4038 
7 .3007 
7 ,2614  
7.2200 
7.1834 
7.1024 
7.0084 
6 .9430 
6.9052 
6.8872 
6.8643 

. ,  - 

12.0000 
12.0988 
12.2092 
.12.305 7 
12.5402 
12.7171 
12.8617 
12.9509 
12.9822 
12.9731 
12.9500 
12.9470 
12.8218 
12.7552 
12.7012 
12.6806 
12.6519 
12.6095 
12.5022 
12.2873 
12.0000 

Fi 

0.195242 
0.258885 
0.307705 
0.339041 
0.357481 
0.369882 
0.375996 
0.378513 
0.379622 
0.375877 
0.354974 
0.346139 
0.341457 
0.336697 
0.330034 
0.319254 
0.308620 
0.311390 

Ff 

0.868301 
0.748303 
0.637375 
0.547809 
0.479200 
0.415432 
0.368399 
0.336899 
0.25 3043 
0.196331 
0.025 841 

-0.059647 
-0.143863 
-0.210352 
-0.253016 
-0.282948 
-0.302462 
-0.311359 

X 

2.5799 
2.6139 
2.6534 
2.6911 
2.7235 
2.7565 
2.7824 
2.8005 
2.8509 
2.8859 
2.9857 
3.0251 
3.0533 
3.0676 
3.0735 
3.0059 
3.0767 
3.0770 

y = -0.518320 (a,d-symmetries); Figures 9 and 10, Curve M. 
* These orbits have the &symmetry. 

-0.080573 
-0.098139 
-0.118596 
-0.137390 
-0.187862 
-0.233289 
-0.280513 
-0.323344 
-0.356868 
-0.377039 
-0.387360 
-0.388166 
-0.395622 
-0.388669 
-0.374123 
-0.353091 
-0.326155 
-0.300679 
-0.257219 
-0.196957 
-0.135805 

1.665048 
1.658339 
1.649003 
1.640204 
1.6 1545 8 
1.591364 
1.565375 
1.540498 
1.522683 
1.5 14492 
1.512598 
1.512636 
1.5 35948 
1.562407 
1.5 94808 
1.5 94051 
1.5 726 16 
1.548582 
1.504765 
1.44055 8 
1.371946 

2.0522 
2.0580 
2.0650 
2.0717 
2.0917 
2.1128 
2.1395 
2.1712 * 
2.2064 * 
2.2388 * 
2.2654 * 
2.2683 * 
2.3727 * 
2.4462 * 
2.5610 * 
2.6174 * 
2.6200 
2.6110 * 
2.5929 * 
2.5712 + 

2.5558 * 



T 

11.9132 
12.2255 
12.5173 
12.6111 
12.6388 
12.6523 
12.6717 
12.6767 
12.6768 
12.6497 
12.6239 
12.6272 
12.6375 
12.6470 
12.6585 
12.6592 
12.6549 
12.6452 
12.6156 
12.5836 
12.5464 
12.450.5 
12.2643 
12.1737 
11.9215 
11.4243 
10.8481 

13.0428 
13.0328 
13.0178 
13.0077 
12.9911 
12.9735 
12.9541 
12.9361 
12.9121 
12.8521 
12.8253 
12.8106 
12.8053 
12.8055 

-50- 

y = -0.518320(ol-synnnetry); F igures  9 and 10, Curve N. 

Fi 

-0.120780 
-0.190911 
- 0.26492 1 
-0.305719 
-0,323051 , 
-0.333997 
-0.359235 
-0.379131 
-0.395000 
- 0.445000 
- 0.505000 
-0.565000 
- 0.6 086 14 
-0.648252 
-0.728277 
-0.782292 
-0.834230 
-0.891963 
-0,991782 
-1.058482 
-1.110511 
-1.183259 
-1.218700 
-1.215910 
-1.185863 
-1.099591 
-0.989794 

Ff 

1.846227 
1.801823 
1.748547 
1.715661 
1.701104 
1.691637 
1.669743 
1.653404 

1.674778 
1.688753 
1.687732 
1.683277 
1.678834 
1.6 7415 7 
1.676177 
1.681720 
1.689910 
1.706798' 
1.719953 
1.732222 
1.757105 
1.791760 
1.805310 
1.836490 
1.881127 
1.919059 

1.651277~1+ 

y = - 0.514645 (&symmetry); F igure  9 ,  Curve M. 

-1.260716 
- 1.2407 1 6  
-1.210716 
-1.191143 
-1.160166 
-1.131611 
-1.109170 
-1.087775 
-1.070610 
-1.055174 
-1.075138 
- 1.1245 83 
-1.211137 
-1.292869 

1.245 300 
1.268995 
1.300218 
1.318348 
1.344111 
1.365792 
1.383090 
1.398185 
1.412857 
1 4385 32 
1.440431 
1.42&644 
1.378000 
1.312722 

X 

2.9980 
3.0039 
3.0226 
3.0365 
3.0411 
3.0423 
3.0227 
2.8711 
2.7603 
2.7338 
2.7195 
2.6842 
2.6544 
2.6296 
2.5980 
2.5894 
2.5786 
2.5566 
2.5019 
2.4633 
2.4355 
2.4026 
2.3883 
2.3880 
2.3952 
2.4293 
2.4925 

1.8691 
1.8708 
1.8761 
1.8813 
1.8918 
1.9042 
1.9167 
1.9299 
1. %4U 
1.9704 
1.9692 
1.9491 
1.9153 
1.8995 



T 

12.0000 
12.4870 
12.8979 
13.0115 
13.0220 
12.9939 
12.9667 
12.9087 
12.8195 
12.7862 
12.7657 
12.7086 
12.5972 
12.4911 
12.2410 
12.1073 
12.0188 
11.9017 
11.8636 
11.8430 
11.8504 
11.9522 
12.1682 
12.4358 
12.6591 
12.7220 
12.7419 
12.7414 
12.7251 
12.6884 
12.6326 
12.5572 
12.447-1 
12.3971 
12.286 3 
12.0903 
11.5102 
10.9277 
10.3441 

9.7794 

-51- 
y = -0.483940 (Ol,b-symmetries); F igures  9 and 10, Curve LH. 

* These orbits have t h e  8-symmetry. 

Fi 

-0.031021 
-0.116894 
- 0.2 14332 
-0.260907 
-0.278291 
-0.28843p 
-0.290123 
-0.288642 
-0.280895 
-0.279537 
-0.290874 
-0.300834 
-0.304460 
-0.302788 
-0.295594 
-0.294217 
-0.296120 
-0.307369 
-0.317978 
-0.335676 
-0.355575 
-0.413576 
-0.493064 
- 0.5 90206 
-0.717019 
-0.801695 
-0.895644 
-0.921505 
-1.009512 
-1.092472 
-1.160978 
-1.209532 
-1.236646 
- 1.23975 I 
-1.236085 
-1.212812 
-1.113049 
- 1.003846 
-0.889090 
-0.768793 

Ff 

1.66 7418 
1.628215 
1.571051 
1.540038 
1.528901 
1.526034 
1.529124 
1.543013 
1.585049 
1.621512 
1.652301 
1.685080 
1.719896 
1.742340 
1.780708 
1.796148 
1.805378 
1.817201 
1.820000 
1.822141 
1.821076 
1.811935 
1.790155 
1.752899 
1.705199 
1.684268 
1.678139 
1.679581 
1.6 9125 1 
1.707923 
1.726689 
1.745852 
1.768521 
1.777150 
1.794281 
1.818612 
1.87 1494 
1.908916 
1,939062 
1.959884 

X 

2.0636 
2.1010 
2.1665 
2.2248 * 
2.2656 * 
2.3179 * 
2.3487 * 
2.4091 * 
2.5433 * 
2.6891 * 
2.7564 
2.8108 
2.8771 
2.9269 
3.0230 
3.0664 
3.0922 
3.1207 
3.1262 
3.1230 
3.1107 
3.0508 
2.9407 
2.7896 
2.6129 
2.5345 
2.4943 
2.4879 
2.4618 
2.4284 
2.4015 
2.3861 
2.3796 
2.3791 
2.3804 
2.3871 
2,4277 
2.4923 
2.5793 
2.6893 



T 

9.4208 
9.1714 
8.9000 
8.8548 
8.8238 
8.8090 
8.9000 
9.0022 
9.1145 
9.5836 

10.1655 
10.7896 

6.7472 
6.7563 
6.7625 
6.8543 
7.1097 
7.3048 
7.4068 
7.4199 
7.4016 
7.3940 
7.3948 
7 a 4014 
7.4393 
7.4915 
7.6702 
7.8791 
8.1481 
8.4578 
8.9708 
9.7082 

10.2922 
11.0764 
11.6520 
12 .1274 
12.4201 
12.6914 
12.7503 
12.7658 
12.7801 
12.7786 
12.7761 

-52- 

Fi 

-0.683388 
-0.615862 
-0.523380 
-0.501989 
-0.482692 
-0.460163 
- 0.44332 9 
-0  44976 7 
-0.461707 
-0.524484 
-0.604076 
-0.685088 

Ff 

1.972676 
1.978454 
1.983139 
1.981062 
1.980092 
1.977263 
1.967329 
1.960540 
1.953631 
1.930.537 
1.901709 
1.869574 

x 

2.7788 
2.8571 
2.9801 
3.0132 
3.0464 
3.0931 
3.1736 
3.2060 
3.2305 
3.3025 
3,3961 
3.5691 

y = -0.483940 (&symmetry); Figures 9 and 10,  Curve Q. 

0.410600 
0 4015 33 
0.397774 
0.354155 
0.254085 
0.155542 
0.051444 

-0.011348 
-0.112817 
-0.159421 
-0.195717 
-0.224738 
-0.287866 
-0.335161 
-0.434010 
-0.513283 
-0.594525 
-0.673832 
-0.787530 
-0.931100 
-1.036621 
-1.175285 
-1.280914 
-1.377736 
- 1.44827 1 
- 1.539940 
-1.574239 
- 1.588 197 
- 1.6 17334 
- 1.628212 
-1.640212 

-0.417778 
-0.423472 
-0.424768 
-0.433774 
-0.426462 
-0.415843 
-0.412554 
-0.415764 
-0.426542 
- 0.4 320 36 
-0.435794 
-0.438220 
-0.440769 
-0.439745 
-0.429152 
-0.412200 

-0,357385 
- 0.304605 
-0.224907 
-0.158682 
-0.0625.58 

-0.387488 

4-0.016846 
0.093187 
0.150170 
0.221624 
0.245942 
0.254963 
0.270626 
0.273143 
0.274472 

3.1160 
3.1161 
3.1162 
3.1167 
3.1132 
3.0974 
3.0630 
3.0331 
2.9736 
2 0 9434 
2.9194 
2.9002 
2.8590 
2.8292 
2.7714 
2.7300 
2.6923 
2.6602 
2.6217 
2.5855 
2,5679 
2.5574 
2.5613 
2.5778 
2.6007 
2.6520 
2.6813 
2.6961 
2.7489 
2.8126 
3.0037 



T 

5.5035 
5.5537 
5.6521 
5.8206 
6.2206 
6.9748 
7.7276 
8.4982 
9.2982 

10.0982 
10.8982 
11.6982 
12.2982 
12.6982 
12.8982 
13. a980 
13.1209 
13.1383 
13.1297 
13. $157 
13.0688 
13.0177 
13.0085 
12 9680 
12.8972 
12.1593 
11.5232 
11.0618 
10.8596 
10.6359 
10.5437 
10.3947 
10.4580 
10.5170 
10.7241 
11.0281 
11.4580 
11.9152 
12.36 74 
12.5762 
12.7948 
12.9107 
12.9287 
12.9336 

-53- 

y = -0.402450 (a,6-symmetries); Figure 9, Curve K. 

* These orbits have the &symmetry. 

'i 

1.194047 
1.125715 
1 .067702 
1.000000 
0.889123 
0.738316 
0.6 1685 7 
0.507605 
0.403644 
0.304627 
0.206217 
0.103203 
0.017749 

- 0.0476 94 
-0.085615 
-0.132970 
-0.140576 
-0.148294 
-0.158611 
-0.159259 
-0.158006 
-0.155991 
-0.156206 
-0.158001 
-0.155422 
-0.088122 
-0.038884 
-0.016199 
-0.012094 
-0.014844 
-0.019238 
-0.200178 
-0.21223L 
-0.233603 
-0.303787 
-0.390329 
-0.496179 
-0.600707 
-0.707461 
-0.765637 
-0.853123 
-0.956928 
- 1.002472 
- 1.049722 

Ff 

1.212530 
1.274883 
1.331237 
1 e 389986 
1.476414 
1.575849 
1.6 38643 
1.680006 
1.703918 
1.711521 
1.704287 
1.681663 
1.650112 
1.6 17068 
1.594124 
I. 559771 
1.553786 
1.547770 
1.543743 
1.546821 
1.563331 
1.598091 
1.608008 
1.645103 
1.6 76 986 
1.792171 
1.838876 
1.862292 
1.871018 

1.882540 

1.885 124 
1.883274 
1.877200 
1.864975 
1.842338 
1.812613 
1.771777 
1.745954 
1.708413 
1.679184 
1.6 742 14 
1 e 674175 

1.879485 

1.8a6008 

X 

1.8973 
1.8976 
1.8990 
1.9017 
1.9088 
1.9243 
1.9417 
1.9607 
1.9816 
2.0041 
2.0302 
2.0642 
2.1023 
2.1437 
2.1777 
2.2481 
2.2671 
2.2930 * 
2.3726 * 
2.3996 * 
2.4810 * 
2.6154 * 
2.6541 * 
2.7729 
2.8494 
3.1590 
3.3415 
3.4700 
3.5304 - 
3.6064 
3.6447 
3.6938 
3.6163 
3.5730 
3.4571 
3.3216 
3.1519 

2.7836 
2.6783 
2.5383 
2.4310 
2.4067 
2.3919 

2.9754 



-54- 

T 

12.9238 
12.9031 
12.8102 
12.7281 
12 8462 
12.5421 
12.0997 
11.3489 
10.6177 
10.1038 
9.4988 
9.2147 
8.9767 
8.8611 
8.8591 
8.8574 

10.3981 
10.6322 
10.8911 
11.2416 
11.8268 
12.4458 
13.0550 
13.3370 
13.5190 
13.6051 
13.6517 
13.7012 
13.7257 
13.7380 
13.7378 
13.7371 
13.7309 
13.7228 
13.7051 
13.6980 
13.6167 
13.5366 
13.3985 
13.0071 
12.6185 
12.1860 
11.7478 
11.2744 
11.0405 

Fi 

-1.106634 
-1.152981 
-1.240729 
- 1.266865 
-1.273220 
- 1.268107 
- 1.202232 
-1.068415 
-0.933358 
-0.832535 
- 0.6 99968 
-0.6 26 87 3 
-0.551757 
- 0.494045 
-0.491372 
-0.487380 

P 
f 

1.680310 
1.688927 
1.716964 
1.735047 
1.749938 
1.766157 
1.816827 
1.870943 
1.908203 
1.928617 
1.947896 
1,955935 
1,959514 
1.956965 
1.955971 
1.957103 

y = 0.0 (a-symmetry); Figure 8, Curve C. 

-0.402676 
-0.462076 
- 0.5 19029 
-0,587389 
-0.690430 
-0.792389 
-0.893299 
-0.948258 
-0.997348 
-1.031793 
-1.057759 
-1.098977 
-1.134542 
-1.188174 
-1.193173 
- 1.200620 
- 1.225302 
-1.242104 
- 1.264911 
-1.271308 
- 1.300120 
-1.298393 
-1.279916 ' 

-1.213432 
- 1.148325 
-1.077959 
-1.007329 
-0.930074 
-0.890988 

1.774956 
1.771767 
1.765072 
1.754880 
1.733793 
1.705468 
1.664336 
1.636953 
1.613326 
1.599282 
1.590/+66 
1.S79796 
1.5 74384 
1.572501 
1.572768 
1.573250 
I. 575980 
1.579082 
1.584654 
1.586563 
1.605834 
1.620135 
1.640036 
1.679188 
I. 706821 
1.730439 
1.750493 
1.768520 
1.775817 

X 

2.3807 
2.3727 
2.3625 
2.3641 
2.3679 
2.3732 
2.4007 
2.4729 
2.5744 
2.6667 
2.8086 
2.8978 
3.0020 
3.1038 
3.1100 
3.1199 

3.8053 
3.6214 
3.4964 
3.3575 
3.1530 
2.9410 
2.7058 
2.5728 
2.4701 
2.4149 
2.3836 
2.3517 
2.3409 
2.3495 
2. 35 1.5 
2.3549 
2.3686 
2.3801 
2.3996 
2.4062 
2.4586 
2.4874 
2.5167 
2.5682 
2.6151 
2.6726 
2.7387 
2.8203 
2.8652 
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. 

. 

T 

7.0808 
7.1172 
7.3130 
7.5838 
8.0463 
8.4937 
9.0069 
9.5677 
9.7166 
9.7373 

. 9.7057 
9.5821 
9.1421 
8.7580 
8.5371 
8.4918 
8.4803 
8.4907 
8.5535 
8.7237 
9.2445 
9.8355 

10.5315 
11.2808 
12.0669 
12.8327 
13.5 16 7 
13.6146 
13.7255 

12.7057 
12.6167 
12.4468 
12 .2771 
12.1077 
11.9406 
11.8586 
11.6989 
11.5475 
11.4072 
11.2818 
11.1691 

y = 0.0 (&symmetry); Figure 8, Curve V. 

Fi Ff 

0.782899 
0.766872 
0.704822 
0.640649 
0.540855 
0.446337 
0.332406 
0.176769 
0.101222 
0.070038 
0.022269 

-0.026479 
-0.119740 
-0.200000 
-0.277374 
-0.313301 
-0.353301 
-0.376558 
-0.428186 
-0.5017 89 
-0,641422 
-0,760004 
- 0.880092 
-0.998668 
-1.119571 
- 1.243066 
-1.379117 
-1.405678 
- 1.44417 0 

-0.784700 
-0.785556 
-0.785471 
-0.764402 
-0.7 19740 
-0 e 6 7 3047 
-0.6 18440 
-0.558603 
-0.54285 1 
-0.540627 
-0.544209 
A0.557884 
-0.606359 
-0.650222 
-0,677931 
-0.685 149 
-0.688673 
-0.688824 
- 0 684640 
-0.668776 
-0.613799 
-0.548411 
-0.470337 
-0.384619 
-0.291343 
-0.193595 
-0.093412 
-0.076351 
- 0.05 3548 

y = 0.8609 (a-symmetry); Figure  8, Curve D. 

1.123057 
1.122501 
1.124336 
1.123815 
1.120725 
1.115148 
1.111445 
1.102230 
1.090637 
1.076 77k 
1.06 10 3 3 
1.043135 

0.077541 
0.118420 
0.183746 
0.242552 
0.297861 
0.350632 
0.376239 
0.425997 
0.473693 
0.519062 
0.561228 
0.60116.5 

x 

3.4022 
3.4045 
3.4121 
3.4226 
3.4423 
3.4630 
3.4891 
3.5176 
3.5179 
3.5120 
3.4933 
3.4598 
3.3639 
3.2735 
3.1939 
3.1602 
3.1248 
3.1051 
3.0640 
3.0106 
2.9244 
2.8656 
2.8193 
2.7883 
2 .7761 
2.7955 
2.9008 
2.9493 
3.1210 

4.4672 
4.1847 
4.0209 
3.9538 . 
3.9225 
3,9108 
3.9098 
3.9148 
3.9265 
3.9423 
3.9600 
3.9782 
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1 

T 

11.0794 
10.9594 . 10.9007 
10.8577 
10.8304 
10.8031 
10.7833 
10.7754 
10.7685 
10.7617 
10.7474 

T 

10.8100 
11.2069 
11.5591 
12.15 If 
12.5821 
12.9148 
12.9812 
12.9963 
12.9725 
12.9159 
12.8020 
12.7552 
12.7022 
12.6413 
12.6031 
12.5490 
12.4945 
12 .3581 
12.037 7 
11.5603 
11.1366 
10.5772 
10.1163 

9.5373 
9.1966 
8.9707 
8.7414 

Fi 

1.025407 
0.993913 
0.973164 
0.953797 
0.938576 
0.919100 
0.900060 
0.889537 
0.877301 
0.864426 
0.857602 

Ff 

0.635191 
0.686258 
0.715365 
0.740269 
0.758610 
0.780992 
0.802147 
0.813458 
0.826488 
0.840885 
0.853769 

F = -0 .641489 (ol,b-symmetries); Figure 1, Curve G. 

* These orbits have the a-symmetry. 

Y Ff 

-0.997198 
-0.890456 
-0.821976 
-0.732938 
-0.670859 
-0.607913 
-0.585685 
-0.574685 
-0.556462 
-0.547909 
-0.541251 
-0.54036 7 
- 0.540846 
-0.544607 
-0.549579 
-0.558097 
-0.566265 
-0.583331 
-0.612403 
-0.641774 
-0.660598 
-0.679983 
- 0.6 93248 
-0.707149 
-0.713253 
-0.716335 
-0.716865 

1.652782 
1.649245 
1.639639 
1.604154 
1.562585 
1.510220 
1.491823 
1.48326 1 
1.475352 
1.480728 
1 506 366 
1.521351 
1.540895 
1.56 1800 
1.566386 
1.559565 
1.546 7 7 9 
1.512277 
1.437931 
1.336789 
1.249886 
1.132564 
1.028360 
0.876529 
0.766624 
0.678247 
0.566493 

x 

3.9946 
4.0184 
4.0309 
4.0402 
4.0462 
4.0523 
4.0569 
4.0587 
4.0604 
4.0625 
4.0682 

X 

1.5942 * 
1.6521 * 
1.7011 * 
1.7847 * 
1.8580 
1.9545 
2.0013 
2.0300 
2.0942 
2.1418 
2.2146 
2.2461 
2.2872 
2.3417 
2.3680 
2.3803 
2.3774 
2,3568 
2.3100 
2.2577 
2.2218 
2.1855 
2.1662 
2.1625 
2.1787 
2.2025 
2.2451 
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T Y Ff X 

8.6490 
8.5290 
8.4109 
8.3636 
8.3062 
8.2609 
8.2364 
8.2070 
8.2013 
8.2008 

11.2440 
11.2800 
11.3194 
11.3694 
11.4194 
11.4886 
11.5600 
11.6336 
11.7094 
11.28?4 
11.8672 
11.9489 
12.0322 
12.1322 
12.2890 
12.5239 
12.6039 
12.645 3 
12.6558 

Y 

-0.483942 
-0.481896 
-0.479512 
-0.475364 
-0.471055 
-0.466655 
-0.462193 

-0.716664 
-0.715385 
-0.712056 
-0.709554 
-0.704196 
-0.695942 
-0.688017 
-0.667163 
-0.657275 
- 0.645 92.B 

0.5 11382 
0.426008 
0.317821 
0.263808 
0.184724 
0.105139 
0.050163 

-0.047271 
-0.081859 
-0.086104 

F = -0.445 : (a- symmetry). 

-0.402480 
-0.408710 
-0.415148 
-0.422729 
-0.429734 
-0.438578 
-0.446782 
-0.454383 
-0.461400 
-0.467844 
-0.473730 
-0.479086 
-0.483943 
-0.489080 
- 0.495984 
-0.505963 
-0.511330 
-0.5 17075 
-0.522320 

1.854045 
1.853222 
1.851806 
1.850843 
1.848178 
1.844922 
1.841153 
1.836 842 
1.831957 
1.826511 
1.82 0420 
1.812589 
1.804176 
1.793631 
1.772956 
1.728193 
1.702285 
1.679181 
1.663161 

T = 12.6686 (a-symmetry). 

Fi Ff 

-0.303300 1.699833 
-0; 297300 1.701180 
-0.290490 1.702530 
-0.279084 1.705191 
-0.267787 1.707349 
-0.256782 1.709764 
-0.246123- 1.711717 

2.2702 
2.3132 
2.3723 
2.4028 
2.4472 
2.4903 
2.5184 
2.5632 
2.5774 
2.5791 

3.2348 
3.2244 
3.2131 
3.1990 
3.1851 
3.1660 
3.1463 
3.1260 
3.1048 
3.0827 
3.0596 
3.0354 
3.0099 
2.9778 
2.9231 
2.8217 
2.7734 
2.7386 
2.7287 

X 

2.8374 
2.8426 
2.8485 
2.8583 
2.8680 
2.8774 
2.8864 



. 

Y 

-0.457530 
-0.452789 
-0.447923 
-0.442880 
-0.437667 
-0.432293 
-0.426722 
-0.420958 
-0.415986 
-0.410826 
-0.407702 
- 0.4046 31 

i F 

-0.235422 
-0.225109 
-0.214926 
-0.204810 
-0.194784 
-0.184867 
-0.174998 
-0.165192 
-0.157040 
- 0.14885 7 
-0.144033 
-0.139381 

-58- 

Ff 

1 .7  13828 
1.715819 
1.717581 
1.719690 
1.721025 
1.722880 
1.724318 
1.725768 
1.727310 
1.728110 
1.728672 
1.729361 

X 

2.8953 
2.9040 
2.9124 
2.9208 
2.9291 
2.9372 
2.9452 
2.9531 
2.9598 
2.9664 
2.9702 
2.9740 
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Class ( g )  

= 0; E Initial Conditions: Fi = 0 ;  Fi > 0. i 

Final Conditions: Ef = 0; Ff = 0; Ef  < 0, 

? Note: This class is also represented by the conditions 

E; = 0; F; = 0, E; > 0. 

F; 0; E; = 0; F; > 0. 

To obtain this representation take F’ = - Ff; E; = Ei9 i 

y = -0 ,946809 ($-symmetry); Figures 11 and 1 3 ,  Curve H, 

T 

9.4175 
9 7327 

10 0 1012 
10.4103 
10 .8014  
11 0 0000 
11 ,0500  
11 1366 
11 e 1793 
11.2323 
11.2437 
11.2507 
11 2533 
11.2448 
11 .2358 
11 2227 
11 “2152 
11 .2076 
11 a 1627 
10 .9984 
10  5602 
10 ,1071  

9,7737 
9 5627 
9.4022 

Ei 

-2.880677 
-2 866934 
- 2  “833244 
-2.784258 
-2 682391 
-2 .618061 
-2  601777 
-2  a573799 
- 2  560041 
-2  542617 
-2  I 538579 
-2  e 535825 
-2 534562 
- 2  a 533872 
-2  a 535293 
-2 537565 

- 2  540360 
-2  549029 

- 2  538937 

- 2  583200 
-2.677624 
-2  764945 
-2.816340 
-2  0843675 
-2  863435 

Ff 

-1 960658 
-1 920731 
-1 ,878231 
-1.841503 
-1 0 793497 
-1.764439 
-1 a 755991 
-1 ?39194 - 1 a 729620 
-1 E 715198 
-1 711583 
-1 709174 
-1 708229 
-1 e 712866 
-1.717807 
-1 725049 
-1 729381 
-1 0 733373 
-1 757150 
-1.819053 
-1 987 134  
-1 958555 

-1 988750 
-1 990593 

- 1 980309 

X 

3 8095 
4 a 0900 
4.4067 
4 6904 
4.8757 
4 7486 
4.6923 
4 .5704 
4 4946 
4 3686 
4,3276 
4 2918 
4.2699 
4,1717 
4,1451 
4,1158 
4.1013 
4 ,0876 
4,0195 
3 8566 
3 6479 
3 5408 
3 5051 
3 5110 
3 5487 



i 

T 

15 231 
14 ,724  
14 224 
13.699 
12.922 
12 644 
12 499 
12 311 
1 2  181 
11 920 
11 724 
11 605 
1 1 , 3 7 6  

y = - 9 / 1 1  (f,g-symmetries); Figures 11 an3 i3 Curve A 

11 100 
10 683 
10 2900 

9 e 2903 
8 .2403 
7 + 2903 
6 7904 
5 5100 
A .  6337 
3.7583 
2 . 8 7 8 3  
1 9983 
1 . 5 5 8 3  
1.1183 
1 , 0 1 9 4  
0 , 9 7 9 4  
0 7896 
9 7820 
0 8020 
0 8820 
0 9600 
1 L. 0000 
1 - 4600 
2 0713 
2 8233 
3 7033 

* 
These  o r b i t s  have t h e  f -symme t t-y 

These v a l u e s  are due to G Shearing ( 2 )  unpublished 
** 

1 247 
1 2 9 2  
1 342 
1 400 
1 ‘ 476  
1 483 

1 o r 9  
0 692 
0.768296 
8 II 5634156 
0,331436 
0 196004 
0 II 0237 70 

-0 ,118624 
-0.290232 
-0 .L715-30 
-0.675276 
- C  411227 
- 1  .OS6078 
- 1.246079 
-1 ?.j03057 
-1.329290 
- 1.54658’; 
- 1  683283 
- 1  7[13969 
-1” 783829 
-1 d40791 
- 1 >E65086 
- 2  051660 
* 2  197426 
- 2  313029 
- 2  I 400549 

Ff 

1 to2 
1 : ? 2  
i Y63 
1 2clu 
1 255 
1 .214  

283 
2 4.3 
297 
233 
l u l  
239 
1911 

1 1.30 
I 03Q 
0 356629 
0 . 3 5.3d 1 9 
0 511284 
0 2 70076 
G .  00%084 

-0 ,205141 
- O r  408913 
-0 r 513993 1 
-0.762007 
-0  L. 942.263 
-1 043772 
-1  .I 165971 

-1 216425 
- I  3.32620 
- 1  iLGL i j21  
-1 41410’/ 

- 1 ~ 2~10864 

- 1.450669 
-1 476362 
-1 486903 
- 1 564047 
-1 624702 
-1 675323 
- 1 721602 

X 

*% 

** 
at- 
* 
** 
43 

* x  
Prt 

** 
*p-* 

*kx 

-pr* 

$c w 
H F  

a%* 

1 0332 
1 c 0753 
1 I 1449 
1 ,2411 
1.3547 
1 4242 
1.4624 
1 4720 
i ,4657 
1 < 4495 
i .4384 
1 ,4246  
i 4210 
1 I 4194 
1 4088 
1 I LO54 
1.4046 
1 4034 
1 4032 
1 4033 
1 4076 
1 4167 
1.4302 
1 4493 
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T 

8 4.5833 
5.4633 
6.3433 
6.7833 
7 2233 
8 1033 
8.9833 
9 "8633 

10  7433 
11.7833 
11.9833 
12 ,1833  
12  2 0 3 3  
12 I 2761 
12 .2721  
1 2  1943 
11 8006 
11 5029 
1 0  8902 
10 .0190 

9 2626 
8.4145 
7 6180 
6 7970 
6 0142 
5 .2255 
4 .4991 
3 6040 
2 .8614  
2 .1401  
1 5920 
1 e 0866 
0 5459 
0 1575 

-0 .1516 
-0.3227 
- 0 , 3 9 3 4  
-0 3222 
-0 .1773 
+O 0636 

0 LI 4639 
0 e 8684 
1 .4761  
2 ,0831  
2 7969 
3 .3554 

Ei 

- 2  e 456050 
-2.488933 
-2.503861 
- 2  505109 
-2.502276 
-2.484110 
-2  448882 
-2 (I 397534 
-2 333755 
-2 249944 
-2 233641 
-2.217989 
- 2  "216543 
-2 212028 
-2 218049 
-2.229360 
-2  275809 
-2.305139 
-2 363811 
-2 e 448350 
-2.517487 
-2 e 584999 
-2 635563 
-2.674465 
- 2  a 698961 
-2 707236 
-2 I 699903 
- 2  676902 
- 2  646401 
- 2  -603337 
-2 557019 
-2  497265 
-2 401224 
-2,292371 
-2 ., 149574 
-2 0 001001 
-1.864596 
-1 692910 
-1 547242 
-1.398123 
-1 222441 
-1 082288 
-0.905601 
-0.751666 
-0,586967 
-0.465582 

Ff 

-1 758555 
-1 .a89498 
- 1.809594 
-1 .817321 
- 1.823638 - 1 825384 
-1 -816871 
-1 792868 
-1 e 747897 
-1 644238 
-1 -611882 
-1,567557 
-1 561602 
- 1 e 533330 
-1 (I 494252 - 1 487093 
-1 526302 - 1 451825 - 1 290298 
-1.097752 
-0 936826 
-0 750859 
-0 a 561239 
-0 338695 
-0 .0883 17 

0.172146 
0.367719 
0 ., 564208 
0 7 10664 
0 848818 
0,955272 
1 ,057548 
1.175888 
3. .272361 
1.365939 
1 440968 
1 498470 
1 550766 
1 a 586427 
1 - 614729 
1 640238 
1 658848 
1 679616 
1 a 699475 
1 .721554 
1 740442 

X 

1.4725 
1 5010 
1.5358 
1 I 5560 
1 5783 
1.6296 
1 6912 
1 7655 
1 .8604  
2.0472 
2 1124 
2.2139 * 
2.2289 * 
2.3081 * 
2.4655 * 
2.5462 * 
2.7056 * 
2,6132 * 
2.4792 * 
2.3899 * 
2.3512 * 
2.3360 * 
2 ,3494  * 
2.3976 * 
2.4789 * 
2.5545 * 
2.5777 * 
2 ,5694  * 
2.5491 * 
2.5240 * 
2,5028 * 
2 .4821  * 
2.4587 * 
2,4411 * 
2,4267 * 
2.4187 * 
2.4174 * 
2,4185 * 
2.4243 * 
2.4333 * 
2 ,4471  * 
2.4603 * 
2.4799 * 
2 5003 
2 ,5271  
2 a 5509 
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y = -0 .59  (g-symmetry); Figure 4 ,  Curve g .  

T 

t 14.03 91  
13 4391 
13.0391 
12 6391 
12 .4391 
12.2391 
1 2  0391 
11 .6391 
11 .0391 
10  2400 
9 a 4400 
8 6407 
7.8407 

Ei Ff 
1 a 335470 
1.357690 
1.332525 
1 239741 
1 153394 
1 054082 
0.963654 
0.818161 
0.65 143 1 
0 475674 
0.327879 
0 199480 
0 094959 

-1 146839 
-1.185442 - 1 a 232692 
-1.297538 
-1.316543 
-1.306192 
-1.276186 
-1.200468 
-1 .OB2168 
-0 a 923333 
-0 755418 
-0  a 562915 
-0.287204 

2 4200 
2 6763 
2.8132 
2 9005 
2.9219 
2 ,9251  
2.9218 
2 e 9250 
2.9637 
3.0667 
3 2263 
3 4646 
3 e 8942 

y = 4-9/11 (g-symmetry); Figures 11, 12,  13 and 14,  Curve C .  

T . 
14.0390 
13 e 7938 
13.6147 
13 5816 
13 5596 
13 5241 
13  4968 
13 .4395 
13 1871 
12 5729 
11 .9284  

10  7105 
10  5084 
1 0  4067 
10 ,3621  
10 3802 
10 a 4821 
10 .5855 
10 e 6065 
1 0  e 6656 
10.6407 
10 .5814  
1 0  5494 
10 5835 

11 2869 

> 

X 

X Ei Ff 

0 680781 
0.718637 
0.767817 
0 8087 44 
0 ,964421 
1 050644 
1.055114 
1 050268 
1.015602 
0 935369 
0 847377 
0 744659 
0.624155 
0 564759 
0 e 521683 
0 459897 
0 442555 
0.404790 
0.367760 

0.407624 
0 e 417 179 
0.439198 
0 478806 
0 510166 

o a 368688 

0 a 636390 
0 654282 
0 649758 
0 616295 
0 436785 
0 e 274133 
0.224883 
0.164973 
0,023768 

-0.175966 
-0 0 335339 
-0  477699 
- 0  591546 
- 0  617667 - 0 616135 - 0 563973 - 0 533356 - 0 422874 - 0 0 202000 - 0 - 150906 

0 05 1942 
3 080296 
0 129813 
0 193241 
0.236258 

0 e 9959 
1 0692 
1 1459 
1 1837 
1 3973 
1 a 8272 
1 e 9594 
2 0808 
2 2442 
2 -3762 
2 4754 
2 5780 
2 6844 
2 L1 7313 
2.7655 
2 8228 
2.8428 
2.8940 
2 e 9022 
2.9016 
2 -8827 

2 7818 
2 6679 
2 5933 

2 .a554 
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. 

T 

10. a910 
10 a 984 
11.343 
11 647 
11.818 
12 198 
12 439 
12.773 
13 003 
13.273 
13.299 
13.290 
13,221 
13 157 
13 e 102 
13 057 
12 9290 
12 a 6791 
12.3791 
11 a 7791 
11 I 1791 
10 6262 
10,4919 
10 3912 
10 3092 
10 a 3005 
10 3498 
10 4875 
10 4969 
10 4848 
10,4718 
10 4563 
10 4022 
10 3597 
10,2600 
10 a 0600 
9 9114 
9.89'71 
9 (I 9887 
10 0027 
10 1023 
10 4920 
10 0 7997 
11 0705 
11 5005 
11 9400 
12 3341 

0 582645 
0 627 
0 692 
0 738 
0,758 
0,797 
0.813 
0.818 
0.798 
0 736 
0 703 
0 674 
0 602 
0,536 
0 435 
0,351 
0 222635 
0 I 075572 
-0 053539 
-O026O7S0 
-0 440190 
-0 584987 
-0 611756 
-0,624059 
-0 a 613173 
-0 595249 
-0,530704 
-0,423678 
-0 407 107 
-0 481482 
-0,401617 
-0.403193 
-0.415266 
-0-  439598 
-0,515736 
-0 652283 
-0 807275 
-0,840753 
-0 0 940753 
- 1 023544 
-1 -072767 
-1 150471 
-1 a 175403 
-1 e 186218 
-1 e 194132 
-1 196570 
-1 195946 

Ff 

0 330997 
9.390 
Q 483 
0 552 
0.588 
0,663 
0,704 
0 a 744 
0 a 755 
I). 765 
0 789 
0.816 
0 893 

968 
L .021 
1.024 
J' e 98852 1 
0 e 922258 
0 850330 
0,710125 
0,558572 
0 398094 
0 338073 
0 289597 
0 223513 
0.193677 
0.129750 
C~~O2.2423 
-0 018082 
- 0 058964 
- 0 08199 7 
-0 105263 
-0,182693 
- 9  315852 
-0 e 476393 

1 641896 
3 799587 
1 83 1121 

- 0 918336 
- 0 /. 980197 
1 013361 

- 1 074153 
- 1 = PO8956 
-I 132634 
-: 159512 
- 1  175956 
- I 181945 

X 

2 -4397 
.lp& * 
dbAr * 
JM 

* 
rKsR. 

* 
* 
** 
M k  

* 
** 
dt.k 
* 
1 7748 
1 8436 
1 9093 
2 0558 
2 2419 
2.4674 
2 5372 
2 6012 
2 6867 
2 7249 
2 8057 
2 8997 
2 9117 
2 9158 
2 9161 
2 9157 
2 ., 9149 
2,9312 
2 .I 9449 
2 9306 
2 9171 
2 9154 
2 9188 
2 9022 
2 e 8906 
2.8335 
2 7913 
2 7627 
2 0 7372 
2 (I 7436 
2 7964 
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T 

0,7156 
0 5407 
0 3864 
0 e 3448 
0 -3878 
0,5574 
0,8771 
0 9780 
0 9962 
0 8962 
0 5176 
-0 0634 
- 1 2349 
-2 4007 
-3 5145 
-4 2576 
-4,4522 
-4 5687 
-4,7570 
-4,7715 
-4,6697 
-4,5337 
-4,2170 
-3 2087 
-2 1086 
- 1 0368 
0 0587 
1.0332 
2 0038 
3 1895 
4 I832 
5 I) 177'6 
6 a 1696 
6.9315 
7.2713 
7 5731 
7 8329 
8 a 0041 
8 192.5 
803075 
8 4010 
8 4979 
8 5447 
8 5480 
8 5440 
8 j. 5063 
8 4001 
8.3181 

y = 9/11 (g-symmetry) ;  F i g u r e s  12 and 14, Curve  G o  

Ei 

-3 a 700695 
-3 750055 
-3,802089 
-3.827983 
-3 -846018 
-3.845713 
-3,831725 
-3.834734 
-3 a 845484 
-3 888893 
-3 988867 
-4,125582 
-4.399732 
-4 698202 
-5,007979 
-5 191019 
-5.214952 
-5.213574 
-5 153683 
- 5  157711 
-5 049989 
-4,939664 
-4.7 7 48 18 
-4 e 4273 56 
-4.142273 
-3 I 903481 
-3 68PC83 
-3.496193 
-3.319443 
-3 101219 
- 2  908996 
-2 6 9 W 3 5  
- 2  0 455339 
-2.216746 
-2 080012 
-1 928359 
- 1 e 763236 
-1.635239 
- 1 484763 
-1.393569 
-1.321877 
-1 -251594 
-1-2200LIi 
-1.218381 
-1 .ZLZb41 
-1,251865 - 1 I 33567 1 
-1.403528 

Ff  

1.859799 
1 908867 
1.965810 
2 005692 
2 058145 
2 114023 
2 179055 
2 204000 
2.217969 
2,239284 
2 257995 
2.265812 
2.250217 
2.201299 
2 107994 
1,971236 
1 901894 
1 e 840010 
1 655350 
1 653026 
1 534402 
1 396562 
1 196553 
0.807624 
0.603127 
0 491126 
0 401402 
0 328849 
0,284897 
0,263050 
0 256105 
0 -255187 
0 260133 
0~270120 
0 e 278048 
0'268797 
0 303189 
0,316974 
0 337991 
0 355377 
0,374375 
0 405401 
0,4&1747 
G 4447 9 ?  
0,477079 
0,517992 
O e  581846 
0 620847 

X 

1 e 6389 
1,6476 
1 6661 
1 a 6845 
1 7169 
1 7660 
1 8566 
1 : 9088 
1 3449 
2 ~ 0129 
2.0944 
2 1593 
2 -2189 
2 2239 
2 1600 
2 0604 
2.0272 
2 m 7 1  
1,9896 
1 9904 
1 9935 
2 0148 
2 0634 
2 1982 
2.2916 
2 L. 3489 
2.3740 
7 " 3374 
2.2513 
2 e 1985 
2 a 1769 
2,1811 
2 2155 
2 2732 
2 3145 
2,3654 
2 4252 
2 4737 
2 .5312  
2 5651 
2 5908 
2 I 6145 
2 6243 
2 I G247 
2 I 6222 
2 6098 
2.5744 
2,5442 
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T 

8 1283 
7 a 9730 
7.8095 
7.4112 
6 e 9589 
6 0707 
5 0521 
3 e 9467 
2.9609 
1 9717 
1 0836 
0 9147 

-65- 

*i 

-1 566627 
-1.697961 
-1.822623 
-2 059182 
-2 -251186 
-2 529227 
-2.781022 
-3.020587 
-3 a 222303 
-3 e 424375 
-3 616442 
-3  657125 

Ff 

0,700280 
0 758427 
0.814228 
0 930305 
1 038466 
1,206177 
1 a 354541 
1 486730 
1.592559 
1 699411 
1.814117 
1.845413 

X 

2.4671 
2 a 4021 
2 3383 
2.2105 
2 0993 
1 .9394 
I a 8154 
1 7260 
1.6737 
1 6415 
1 6324 
1 6342 

, 
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y = 0.93 (g-symmetry); Figures 12 and 14, Curve D, 

. 
T 

13 e 2240 
13 0051 
12.8323 
12 e 7000 
12 6299 
12.6133 
12 5542 
12.5062 
12.4915 
12 4117 
12 3332 
12 2332 
12 1252 
11.7666 
11 3454 
11 0672 
10 5800 
10 4200 
10.2146 
10 0675 
9 1164 
8 0000 
7 1260 
6 0000 
5 0000 
4 0000 
3 0000 
2 0000 
1 n 0000 
0 LI 0000 
-0 5000 - 1 * 0000 
-1 e 5000 
-2 0 0000 
-2 I 5000 
-2.8343 
-2 8485 
-2 7678 
-2 5523 
-2.1363 
-1 5500 - 10 0000 
-0 ., 5000 
0 D 0000 
l o  0000 
2 Y 0000 
3 0000 
4 0000 
5 0000 

Fi 

-0 488930 
-0 514832 
-0 537660 
-0 E 555573 
-0 (I 562315 
-0 564438 
-0 556286 
= 0 382 150 
-0,301807 
-0 118597 
-0,047234 
0.020154 
0 L) 080000 
0 240000 
0 400GOO 
0 500000 
0,627164 
0,626307 
0 645000 
0 680000 
0 980000 
1 177707 
1,260000 
1 320350 
1 345946 
1 351175 
1 E 338000 
1 305000 
1 2 50000 
1 165000 
1 e 109000 
1 e 038004 
0 949885 
0 840000 
0 701000 
0 55 5000 
0 500000 
0 450000 
0 L. 400000 
0 350000 
0 ,, 307310 
0 278582 
0 257659 
0 239626 
0 I211220 
0,191908 
0.179350 
0.170527 
0 164800 

Ef 

0 e 503092 
0 533287 
0 562478 
0 e 589866 
0 609292 
0.613521 
0 644876 
0.812581 
0.869917 
0 884336 
0 864601 
0 8407 16 
0 .a15771 
0 732949 
0-631707 
0 544044 
0.354872 
0 286414 
0.238136 
0 220593 
0 186426 
0.177816 
0,179116 
0.185273 
0.191669 
0 I 200192 
0.207716 
0 232937 
0.249836 
0 2 7 7808 
0 278941 
0 e 300404 
0,324630 
0,351809 
0.376278 
0 e 368448 
0,353191 
0 329243 
0 302053 
0 284884 
0 251536 
0.218663 
0 225769 
0.214755 
0 200992 
0,189724 
0,234175 
0 LI 173423 
0.266115 

X 

1 I 1430 
1 2324 
1.3234 
1 (I 4120 
1 4696 
1.4843 
1,5508 
1.8571 
2 1548 
2.8321 
2 a 9465 
3 e 0239 
3 0846 
3 2450 
3 4122 
3 5358 
3 6536 
3 5822 
3 e 4487 
3 e 3584 
2 8393 
2 4596 
2 2845 
2.1373 
2 0504 
1 I/ 9904 
1 9517 
1 9244 
1 e 9175 
1 9266 
1 9456 
1 9656 
1 9965 
2 0435 
2 1209 
2 2409 
2 a 3005 
2 3646 
2 4372 
2.5143 
2 5938 
2 6632 
2 6686 
2 6827 
2.6735 
2 6440 
2 6052 
2 6192 
2 -6110 
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. 
T 

6 0000 
7 .0000 
8 0000 
9 0956 
9.7113 

10  0705 
10 .1750 
10 ,2574  
10 3820 
10 ,4745  
10 ,6125 
10 7444 
10 9046 
11 " 0000 
11 0 1000 
11.3OOO 
11 E 5000 
11.9000 
1 2  0 0000 
1 2  Y 1000 
12 .2000 
1 2  3000 
12 4000 
12 4165 
1 2  4221 
1 2  4129 
12 (I 3851 
12 .3558 
12 0 3344 
1 2  3130 
1 2  ,, 2906 
1 2  2711 
1 2  2524 
1 2  7 7 q c .  

1 2  : 
1 2  1126 
11 .8355 
11 6699 
11 I 3220 
11 0181 
10 7419 
10 5339 
10 4497 
10  3476 
10 e 1 2 5 4  

9 , 8 2 1 4  
9 5836 
9 3 1-41 
9 0266 
8 a 5251 
8 ,0253  
7 0 4 4 7 1  
6 ,9718  

Fi 

0 160300 
0 157200 
0 154200 
0 144000 
0 0 120000 
0 880000,  
0 a 060000 
0 e 040000 
0 Y 000000 

-0 040000 
-0 0 120000 
-0.2GOOOO 
-8 0 280000 
-0,321000 
-0 36O6OO - 0 433000 
-0 498194 
-0,606910 
-0,626788 
-0 640451 
-0 645577 
-0 642226 
-0 ,642134 
-0 656000 
-0 660008 
-0 0 7OOOOO 
-0.750000 
-0.798287 
-0 e 838601 
-0,875920 
-008775(1t, 
-0  870056 
-0 862022 
-0 853902 
-0 843401 
-0 805893 
-0 788468 
-0 a 652021 
-0  527261 
-0 L) 404469 
-0 LI 272700 
-0  147886 
-0  093638 
-0  039738 
0 030412 
0 074560 
0 e 089643 
0 100860 
0 ,108774  
0.117799 
0 122862 
0 P U S 1 6  
0 130575 

Ef 

0 173615 
0 165522 
0 192022 
0,166225 
0 181916 
0 2 0 2 1 8 4  
0.212549 
0 223548 
0 243160 
0.266229 
0.315446 
0 3 7 9428 
0 441285 
0 474075 
0 510672 
0 3 6 3 6 4 4  
0 608463 
0 675444 
0.682825 
0 683870 
0,675182 
0 65 5647 
0 e 619104 
0,603747 
0,590363 
0,548753 
0 50I77O9 
0 455343 
0 410235 
0 337678 
0,271212 
0 233220 
0 2 04344 
0 E79472 
0 + 150700 
0 a 063070 

-0,115447 
-0,202378 
-0 ,366831 
-0 499704 
-0 605993 
-0 656723 
-0  672478 
-0 ,705331  
-0  828737 
-1 066666 
-1 258016 
-1.436682 - 1 588898 
- 1 798625 
-1.967355 
- 2  133586 
-2  2 5 5 0 5 3  

X 

2 .6771  
2 .7485 
2 e 8500 
3 .0391 
3 1930 
3 3094 
3 Y 3473 
3.3783 
3 4258 
3.4575 
3 4809 
3 4176 
3.2983 
3.2195 
3 1367 
2 9678 
2 - 7969 
2 4095 
2 2870 
2 a 1474 
1 9923 
1 8346 
1.6870 
1.6613 
1 6502 
1 6540 
1 a 7013 
1 a 7887 
1 a 9132 
2 1639 
2,3427 
2 e 4091 
2 4475 
2 04751  
2 I 5028 
2 5742 
2 7279 
2 8237 
3 0575 
3 3028 
3 5376 
3 6535 
3 ,6542  
3 h?!i7 
3 r)  5284 
3 .3520 
3 a 1867 
3 ,0211 
2.8837 
2 ,7125 
2 L. 5949 
2 , 4 9 7 1  
2 4374 



e 

-68- 

T 

5.9881 
5.0067 
4.0180 
3.0244 
2.1264 
1.1272 

-0.0670 
-1.0555 
-2.0395 
-3.0164 
-3.9786 
-4.5419 
-5.0795 
-5.4109 
-5 7004 
-5 9020 
-4.4236 
-4.0368 
-3 -646 7 
-3 0584 
-2 -66% 
-2 0 2720 
-1.8788 
-1.4858 
-1.0932 
-0 e 5003 
0.0910 
1 0818 
2.0751 
3.0694 
4 0603 
5.0466 
6.0205 
6.5630 
7.0597 
7 2788 
7 D 7594 
8 e 1699 
8.464 1 
8.6881 
9.0871 
9 2802 
9.7399 
10.0020 
10.1021 
10.2028 
10.3328 
10.49 15 
10.791% 
11.0193 
11.3698 
11.7544 
12 e 1722 

0 e 136 126 
0 142349 
0 150P41 
0.159735 
0 e 170858 
0.187573 
0 2 19 14 1 
0 255729 
0.29553 1 
0.347904 
0 A53398 
0,6 14520 
0 e 898250 
1 097059 
1 29343 1 
1.499987 
2 e 152824 
2 185435 
2.212470 
2 2456 70 
2 263865 
2 3.49280 
2 292056 
2.302190 
2 309583 
2.3 15266 
2.314538 
2.302644 
2 282270 
2 255115 
2 226625 
2.145569 
2 114763 
2,067331 
2.000185 
1 e 945506 
1 7266 19 

10 504404 
1.430120 
1.277921 
1 191095 
0 9484 18 
0.825556 
0.7964 74 
0 784632 
0 ,, 806889 
0.857416 
0.910092 
0.942125 
0 “979449 
1.001275 
1.003396 

1.5978ag 

Ef 

-2.478703 
-2.678135 
-2 864845 
-3 044 130 
-3 20257% 
-3 ~ 7 8 2 8 0  
-3 0 593373 
-3 .782701 
-3.987019 
-4 212430 
-4.470982 
-4 -652011 
-4 866 938 
-5 .042387 
-5 27076 1 
-5 599470 
-5.432072 
-5 -260352 
-5 105056 
-4 e 89443 1 
-4 76 7325 
-4.648491 
-4 537502 
-4.432771 
-4 0 334424 
-4 ., 195032 
-4.064088 
-3.855107 
-3.655248 
-3.459504 
-3.264416 
-3 -063928 
-2 850004 
-2 716241 
-2.570271 
-2 -484930 
-2.253396 
-2.099951 
-1.984724 
-1,890738 
-1.697697 
-1 586235 
1 ., 240496 

-1.00507% 
-0.930591 
-0,875’752 
-0.852516 
-0.886 19% 
-0.956138 
-0.982870 
-1 .601444 
-1.009391 
-%.010990 

X 

2.3548 
2.3084 
2 2903 
2 2985 
2.3292 
2.3920 
2.4981 
2.5631 
2.5801 
2.5671 
2 e 5247 
2.46 15 
2.3640 
2.3123 
2 2821 
2 2825 
2.6726 
2 7085 
2 0 7221 
2 7162 
2 0 7017 
2.6819 
2.6589 
2.6338 
2.6074 
2.5654 
2.5219 
2.4534 
2 -3983 
2.3566 
2.3238 
2 2928 
2.2521 
2 2153 
2 ., I490 
2.0915 
2.0374 
2 e 1383 
2,2441 
2 3460 
2 5899 
2 7468 
3 e 2389 
3 e 5327 
3.6313 
3 J 2 9 1  
3.8613 
3.9671 
3 -9228 
3 -83’76 
3.7504 
3.7652 
4.3598 



T 

5.3514 
5.9513 
6.5512 
7.4512 
8.3512 
9 2512 
10 1509 
10 e 7498 
10 8988 
11.0488 
11 1988 

11 ., 1410 
11 0 1010 
1 1 .06 10 
11.0210 
10 9810 
10.9410 
10 .go10 
10 8010 
10 0 7010 
10.5811 
10 -4011 
10.3011 
10,1811 
9.9728 
9.9736 
9 9964 
10.0978 
10.2978 
10 .4974 
10,7974 
11.0974 
11.3974 
11 -8474 
12 2974 
12 7474 
13.3468 
13 7952 
14.1738 
14 3459 
14 ~ 6 1 4  
14.3370 

-69- 

F = 0.0 (ejection, g-symmetry); Figure 1, Curves E and F. 

Y 

-0 999639 
-0.883473 
-0 e 764800 
-0 58146 1 
-0.391225 
-0.194515 
0 0 000000 
0 09854 1 
0 108051 
0 a 103065 
0.062626 

0.006675 
0 0296 14 
0.037779 
0.041608 
0.042819 
0 .042143 
0.039989 
0,029623 
0.013859 
0 010506 
-0,056292 
-0 e 08646 1 
-0 128436 
-0 26 2 1 16 
-0 273962 
-0.300939 
-0,337786 
-0.36646 1 
-0 e 3 79446 
-0 386012 
-0 383091 
-0.373227 
-0 347409 
-0.308’869 
-0 256 100 
-0 157326 
-0.048610 
0 0 100080 
0 250000 
0 ., 300000 
0 390000 

Ef 

0.000012 
0 0143 17 
0.029161 
0 05256 2 
0,077855 
0.106 713 
0 a 146644 
0 200964 
0 ., 2256 7 2 
0 260803 
0.32011% 

0.834330 
0 $10811 
0 800958 
0 794889 
0 791140 
0 388864 
0 787896 
0 789876 
0 796899 
0.810650 
0.842194 
0.866083 
0 ., 9034 76 
1.061196 
1.079129 
1 1236 77 
I o  195686 
1 e 26964% 
1.317964 
1.369043 
1.404737 
1.430109 
1.453956 
1.465026 
1.46 5084 
1.449030 
1.4%17%1 
1 .3%%884 
1.325009 
1.305250 
1 268434 

X 

1 2943 
1.3324 
1.3755 
1.4522 
1 5496 
1.6803 
1.8694 
2 0552 
2 1153 
2 1892 
2.3148 

2.4512 
2 23432 
2.2917 
2 2529 
2 e 2205 
2 1921 
2 1666 
2.1103 
2.0613 
2 0085 
P .9370 
1 8996 
1 8552 
1 7490 
1.7414 
I. 7246 
10 7022 
1.6829 
1.6704 
1.6553 
1.6418 
f .6282 
1.6098 
1.591% 
1 5751 
1 5584 
1 5545 
1 5692 
1.6063 
1.6243 
1.6660 



T 

14.1985 
13 7271 
13.1767 
12 5487 
12 0 1000 
11 e 6854 
11 e 3097 

Y 

0.510000 
0 690000 
0 e 810000 
0 0 900000 
0 945000 
0 975000 
0 993000 

Ef 

1.211943 
1 112385 
1 013702 
0 905050 
0.812895 
0 707411 
0 567693 

X 

1 7686 
1 9541 
2.2554 
2 6962 
3,2331 
4,1351 
6.2107 



F plre 1 ( L  y i t r o r i  a i  E i , ; c r , s ~ r f a ~ e s  

{ ~ j   lass F = 1 1 {A) il 

F = 0 4 (B); F = 0 , O  ((I), 

(n) class: E = 0 0 (D:+ 

(g) c l a s s :  F = 0,O ( E ) ,  (F). 

(CY-6) class : F = -0.641489 (G) 

Fi&: (T,E) P r o f i l e s  fo r  t h e  ( f )  c l a s s .  

A(y = -1); B(y = -g/ l .1] ;  c ( y  0); 

= 4-9/11]; G(y = +1, us ing  n = 1)- D (Y 

F i w r e  3: (T,F) P r o f i l e s  fo r  t h e  ( f )  class, 

A(y = -1); B(y = -9/11); C(y = 0) 

D(y = +9/11); G(y = +l, using n - 1). 
- Figtire 4: Deta i led  (T ,E)  P r o f i l e s  f o r  t h e  (p) end (9) classes. 

B,g(y = -0c59); Bo, go (Y = 0). 

The heavy CKOSS marks t h e  approximate po in t  of disappearance  of 

t h e  (e l  class, 

Figure  5: (T,E) P r o f i l e s  f o r  t he  (a) c l a s s ,  and (y ,T,F)  P r o f i l e  f o r  L i b r a t i o n  

Poini L. . 
A(y = -1, us ing  n = 1); B(y = 0); C(y = 0.630199); 

L 

D(y - - 19 /11  upper p o r t i o n s ,  y = 0.8172 

a d  y = Oc81286 middle po r t ion )  ; 
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Figure 10: Detailed (T,F) Profiles for the (a-6) class, and associated 

zero velocity curves, 

M, bJ (y = -0.518320); H ,  L, Q (y - -0.483940). 
m, k? are corresponding zero velocity curves. 

[a-type profiles on the left-hand side are mirror images 

of the usual 2rofilesI. 

(T,F) Profiles for the (g) class, Evolution above y = -1, Figure 11: 

A (Y = -9/ll); B(y = 0); C(y + 9 / 1 1 ) ;  

H(y - -0.946809); J(y - -1, using e = 0); 

K(y = -1, using n = 2). 

, 
e ,  . . c, k are corresponding zero velocity curves, 

Figure 12: (T,F) Profiles for the (g) class, Evolution below y = +lo 

c ,  d are corresponding zero velocity curves, 

Figure 13: (T,E) Profiles for the ( 8 )  class, Evolution above y = -1, 

A ,  AA(y = -9/11); B ,  BB(y 0); C(y 4-9/11); 

H(Y = -0,946809); J(y = -1, using e = 0); 

K(y = -1, using n = 2 ) .  

a, b, e, k are corresponding zero velocity curves, 

Figure 14: @,E) Profiles for the (g) class, Evolution below y =+le 

C(y = +9/11); D(y 

c, d are corresponding zero velocity curves. 

0.93); G(y =: 4-9/11), 

Figure 15: Development of the (g) class [y = -lg e 0, n = 21 for selected 

(Limiting orbits 1 and 13 have r = 1,719358 and r and J values, 

J > 0,) 
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